A GRAPHIC GENERALIZATION OF ARITHMETIC

BILAL KHAN *, KIRAN R. BHUTANI f, AND DELARAM KAHROBAEI ¥

Abstract. In this paper, we extend the classical arithmetic defined over the set of natural
numbers N, to a set containing all finite directed connected multigraphs having a pair of distinct
distinguished vertices. Specifically, we introduce a model F on the set of such graphs, and provide
an interpretation of the language of arithmetic £ = {0,1,<,+, X} inside F. The resulting model
exhibits the property that the standard model on N embeds in F as a submodel, with the directed
path of length n playing the role of the standard integer n. We will compare the theory of the larger
structure F with classical arithmetic statements that hold in N. For example, we explore the extent
to which F enjoys properties like the associativity and commutativity of + and X, distributivity,
cancellation and order laws, and decomposition into irreducibles.
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1. Introduction. The language of arithmetic £ consists of two 0-ary relations
0 and 1, one binary relation <, and two ternary relations + and x. In this paper,
we generalize classical arithmetic defined over the natural numbers N = {0,1,2,...},
to the set F' of all flow graphs: finite directed connected multigraphs with a pair of
distinguished vertices (designated the source and terminal) which are either distinct or
else are the entire vertex set of a trivial edge-free graph. We give natural interpretation
for £ on the set F. To avoid confusion with the standard model of arithmetic, the
corresponding operations in F' are denoted with a circumscribed circle. The new
model F = (F, @, ®, ©, @, ® ) is a natural extension of the standard model

N =(N,0,1,< +, x). Specifically, we exhibit an embedding i : N S F satisfying:

i(0) = @,

i1) = O,
Ve,yeN, z<y=i(z) Qily),
Ve, y €N i(z+y) =i(z) ®ily),
Ve,y €N, i(z xy) = i(z) ® i(y)

Objective: Compare the theory Th(F) = {¢ | F = ¢} with true arithmetic
TA={6|N F o},

There have been other attempts to define algebraic and metric structures on the
set of all graphs. The classical operations on graphs [5] (including extensive litera-
ture on graph products [4]) have yielded deep results and a profound mathematical
theory. However, to date, these operations have not provided an interpretation of the

*ITT Industries Advanced Engineering and Sciences, at the Center for Computational Science,
U.S. Naval Research Laboratory, Washington DC 20375 (bilal@cmf.nrl.navy.mil).

TDepartment of Mathematics, The Catholic University of America, Washington DC 20064
(bhutani@cua.edu).

iDepartment of Mathematics, City University of New York, Graduate Center, New York, NY
10016 (dkahrobaei@gc.cuny.edu).

1Following standard model theory, here ¢ is a first-order sentence in the language L.

1



2 BILAL KHAN, KIRAN R. BHUTANI AND DELARAM KAHROBAEI

language of arithmetic on graphs. This paper presents results and open questions in
this direction. In [1, 2, 3], the authors used graph embeddings to define a metric on
the set of all simple connected graphs of a given order. This work differs from those
investigations in that it considers an infinite collection of graphs in order to extend
the standard model of arithmetic, and in doing so does not seek to establish a metric
structure.

DeFINITION 1.1 (Flow graph). A flow graph A is a triple (G4, sa,ta), where
G 4 is a finite directed connected multigraph and sa,ta € V[G 4] are called the source
and the target vertex of A, respectively. FEither s4 # ta, in which case A is called a
non-trivial flow graph, or s4 = ta, |V[Gal| = 1, and |E[G4]| = 0, in which case A
is called the trivial flow graph. The set of all flow graphs that are either non-trivial
or trivial is denoted F'. Two flow graphs A = (G a,8a,ta) and B = (Gp,sB,tg) are
considered isomorphic if there is o flow graph isomorphism between them, that is, a
graph isomorphism ¢ : Ga — Gp satisfying ¢(sa) = s, ¢(ta) =tB.

DEFINITION 1.2 (Graphical natural number). We represent the natural number
n as a directed chain of length n, having n + 1 vertices. More formally, let P, be a
directed chain of length n (having n + 1 vertices) where each vertezx has in-degree < 1
and out-degree < 1. Denote by sy, the unique vertez in P, having in-degree 0, and let
t, be the unique vertex in P, having out-degree 0. The flow graph F,, = (Py, sn,tn)
is referred the graphic natural number n. Define the map i : N — F as

i:n— F,.

1.1. Addition. In Definition 1.1, we represented the natural number n by the
flow graph F),. It follows that we interpret the addition of two numbers n; and ny
inside F as “concatenating” F,,, with F,,,. Consider, for example, the addition of 3
and 2 depicted in Figure 1.1.

R - R

F3 @ F2 F5
F1Gc. 1.1. Interpreting addition of natural numbers inside F.

To extend this definition of @ to all of F, we define general addition of flow
graphs as follows: Given two flow graphs A and B, define A @ B to be the flow graph
obtained by identifying t4 with sp and defining s , @B =54 and t , @B~ tg. An
example of such an addition is shown in Figure 1.2.
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SA®B A®B

Fi1c. 1.2. General addition of flow graphs.

To make this formal we define the following operation on connected directed
multigraphs: Given directed graphs G; and Gs, and vertices u; € V[G1], uz € V[G2],
we define

Gi @ wymuy G2 = (G1UGo)/(ur = us)

to be the graph obtained by taking disjoint copies of G; and G2 and identifying
vertex u; in GG with vertex us in G3. Note the obvious and natural injective graph
homomorphisms

g@wu2 G = Gy @ ulmuzGQ (1.1)
T@%uz : G2 — Gl (-B u1%U«2G2'

DEFINITION 1.3.  Given two flow graphs A = (Ga,s4,ta) and B = (GB,sB,tB),
we define

A @ B déf (GA @ tAmsBGBaSAatB)‘

REMARK 1.4. Note that if A is a flow graph with pa vertices and ga edges, and
B is a flow graph with pg vertices and qp edges, then the number of vertices and edges
mA@ B ispg+ps—1 and g4 + qp, respectively.

The proofs of the following two lemmas follow immediately from the definition of
@ and Remark 1.4.

LEMMA 1.5. Let m,n be natural numbers. Then i(n +m) =i(n) @ i(m).

LEMMA 1.6. © < Fy is the unique two-sided identity with respect to @ .
That is, for all flow graphs A,G € F,

ABPG=4 & G= 0 & GpA=A
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DEFINITION 1.7 (Scalar multiplication of flow graphs). Given a flow graph A, and
a positive natural number k in N, we define left-multiplication inductively as follows:

1A=A
kA= (k—1)A @ A.

Right-multiplication is defined analogously. However, as we will see, @ is asso-
ciative, and so the two notions coincide. We shall subsequently consider only left-
multiplication by integer scalars.

1.2. Multiplication. In the previous section, we presented an interpretation of
addition in F that is a natural extension of addition on the natural numbers. In
this section, we give an interpretation of multiplication in F. In doing this, we must
respect the fact that for each pair of natural numbers n,,n,, the following identity
holds in N:

Inymy tm2+ma+---+ny=ning=ni+ny+---+ng.

~~

ni times ng times

So, in particular, the definition of ) in F must satisfy
anng :FTL1 ®Fn2 =n2Fn1' (12)

Given that we represent the natural number n by the flow graph F,,, the product
of two graphical numbers F;,, and F,,, can be made to satisfy relation (1.2) if we take
multiplication to be the act of replacing each edge of F,,, with a copy of F,,. Consider
the multiplication of graphical natural numbers F3 and F5, as depicted in Figure 1.3.

F F
3 2
s t.7 s Tt
RN A2
/G—;@—‘\/(__‘\G—Qﬁ\‘//',’ X
3\\\”’/%\ a‘\\_’,.
N 7/
\\\2_///
G 2 J
S t
F3® F2— Fe

Fi1c. 1.3. Standard multiplication of natural numbers in F (represented as flow graphs).

To extend this definition of &) to all of F', we define general multiplication of
flow graphs as follows: Given two flow graphs A and B, define A & B to be the flow
graph obtained by replacing every edge e (from E[G 4]) with a copy of B as follows:



A GRAPHIC GENERALIZATION OF ARITHMETIC 5
For each edge e = (u,v) in A, we remove e and replace it with a graph B, isomorphic

to B, by identifying u with sp,, and v with ¢p,. An example of such a multiplication
is shown in Figure 1.4.

B
A
£ /Y
< N\ /,/’/ O ps
SA tA ’/’/ Sg ‘/,/' t B

AX B

sA@B tA®B

FiG. 1.4. General multiplication of flow graphs.

To make this formal we define the following operation on connected directed
multigraphs: Given directed graphs G; and G2, an edge e = (u1,v1) € E[G1] and
vertices ug,v2 € V[G2], we define

Gy ® ew(uz,vz)GQ = [(Gl\e) U GQ]/(UI R Uz, U1 N ’1)2)

to be the graph obtained by removing e from G; and attaching a copy of G2 to the
resulting graph by gluing u; with us and v; with vs. Note the obvious and natural
injective maps

o-e®m(u v2) : G1\€ — G ® e~s(un vz)Gz
®27 2 ) (1-3)
Tem(us,) - G2 7 G1 @ env(un,vs) G2

DEFINITION 1.8.  Given flow graphs A = (Ga,sa,ta) and B = (GB,sB,tB).
Define the directed graph Ko = Ga, Eo = E[G4], and let Go,00 : Ko — Ko be
the identity isomorphisms. Fiz any enumeration 1 of the edges E[G 4], say n =
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€1,€,...,em. Inductively, for i =1,2,...,m we define
Ki=Ki1 Q 5,_,(e;)~(sp,t5)CB
o; = 0-61'_1(61')%(813,153) : Kifl\ei — Ki

E; = Ei_1\{ei}
i = (04)5:(0i-1) ;- (01):(00) ;-

Informally, K; is the directed graph obtained after edges eq,...,e; have been deleted
from Gz and replaced by copies of Gg. Finally, we put

AR TIB d:cf(Km,&m(SA),&m(tA)).

The reader may verify that the operation (), is well-defined, and that in par-
ticular, it is independent of the chosen enumeration n of the edges E[G 4].

REMARK 1.9. Note that if A has pa nodes and qa edges and (non-trivial) B has
pB nodes and qp edges then it can be verified that the number of nodes and edges in
A & B is equal to pa + qa(ps — 2) and qaqs, respectively.

The proofs of the following two lemmas follow immediately from the definition of

® and Remark 1.9.

LEMMA 1.10. Let m,n be natural numbers. Then i(n x m) =i(n) & i(m).

LEMMA 1.11. @D = F, and @ are the unique two-sided identity and two-
sided annhilator for &) , respectively. That is, given flow graphs G and H, and a
non-trivial flow graph A:

ARG=4 & G=0 & GG§RA=A,
GRH=© © H=@© o G= 0.

DEFINITION 1.12 (Scalar exponentiation of flow graphs). Given a flow graph
A, and a positive natural number k in N, we define right-exponentiation inductively
as follows:

Al =4
AP = AT @ A,

Left-exponentiation is defined analogously. However, as we will see shortly, & is
associative, and so the two notions coincide. We shall subsequently consider only
right-exponentiation by integer scalars.

1.3. Order. Given our representation of the natural number n by the flow graph
F, in Definition 1.2, comparing the order of two numbers n; and n, amounts to simply
comparing the lengths of the corresponding chain graphs F,,, and F,,. To generalize
this to all of F, however, we cannot refer to “length”. In what follows, we present two
possible interpretations of < in F. To avoid confusion, we refer to these interpretations
as © and Q.

1.3.1. Weak Order (. Suppose we are given two flow graphs A and B. Infor-
mally, we say that A B iff there is a way to partition A into edge-disjoint neighbor-
hoods of the source/target of vertices of A in such a way that these neighborhoods can
be mapped into disjoint neighborhoods of the source/target vertices of B. To make
this more precise we define the following operation on connected directed multigraphs.
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DEFINITION 1.13 ((s,t)-splitting). Given a connected directed multigraph G =
(V,E) and two vertices s and t in V, an (s,t)-splitting of G is a pair of graphs
(H1, Hs) with the following properties:

e H, and H> are connected subgraphs of G.

e sisin V[H;] and t is in V[H,)].

o {E[H1], E[H>]} is a partition of E. While this implies V[H,|UV[H2] = V[G],
we remark that V[Hy] N V[Hz] need not be empty.

We can now give a precise definition of the weak ordering.

DEFINITION 1.14 (Weak order). Given two flow graphs A = (Ga,54,t4) and
B = (G, sB,tB), we say that A B if there is an (s4,t4)-splitting (Hy, Hs) of G o
and graph embeddings ¢1 : Hi — Gpg, ¢2 : Hy — Gp such that ¢1(s4) = s and
$2(ta) =t and $1(E[H1]) N ¢2(E[Hs]) = 0.

Consider the comparison of F3 and Fy in Figure 1.5 which illustrates the assertion
that F3 @ F5.

F1G. 1.5. Standard weak ordering of natural numbers (represented as flow graphs).

The proof of the following lemma is immediate.

LEMMA 1.15. Let m,n be natural numbers. Then n < m < i(n) @ i(m).

Figure 1.6 illustrates a more general example in which weak order is used to
compare two elements of F which are not graphical natural numbers.

F1G. 1.6. General weak ordering of flow graphs.
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The next Proposition follows immediately from Lemmas 1.5, 1.6, 1.10, 1.11, and
1.15.

PROPOSITION 1.16. Under the embedding i : n — F,,, the standard model N' =
N0,1,<,+, %) is a submodel of F = (F, @, ©, @, @, ® ), where © = Fp,
@ = Fi, and the relations @, @ and  reinterpret +, % and < inside F.

1.3.2. Strong Order & . We now give an alternate, strengthened ordering on
F. Given two flow graphs A and B, informally, we say that A &) B iff a copy of G4
appears as a neighborhood of both sp and tg in Gp. The next definition makes this
statement precise.

DEFINITION 1.17 (Strong order). Given two flow graphs A = (Ga,sa,t4) and
B = (GB,sB,tB), we say A @ B iff there are graph embeddings ¢s : G4 — Gp and
¢t : Ga — Gp which satisfy ¢s(sa) = s and ¢¢(ta) =tps.

Consider the comparison of F3 and Fy depicted in Figure 1.7; clearly F3 &) F5.

F1g. 1.7. Standard strong ordering of natural numbers (represented as flow graphs).

The proof of the following lemma is immediate.

LEMMA 1.18. Let m,n be natural numbers. Then n < m < i(n) @i(m).

Figure 1.8 illustrates a more general example in which strong order is used to
compare two elements of F which are not graphical natural numbers.

Fi1c. 1.8. General strong ordering of flow graphs.

The next Proposition follows immediately from Lemmas 1.5, 1.6, 1.10, 1.11, and
1.18.
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PROPOSITION 1.19. Under the embedding i : n — F,,, the standard model N' =
(N,0,1,<,+, %) is a submodel of F = (F, ©, @, @, @, ® ), where @ = Fo,
@ = Fi, and the relations @, Q and & reinterpret +,%x and < inside F.

The next proposition and example show that ordering by &) is indeed strictly
stronger than ordering by .

PROPOSITION 1.20. Given flow graphs A = (Ga,sa,ta) and B = (Gp,sB,tB)

AQ@B=AQB.

Proof. Since A ® B, there are graph embeddings ¢s : G4 — Gp and ¢ : G4 —
G p which satisfy ¢s(sa) = sp and ¢¢(t4) = tp. Let Ey = E[G 4], V1 = V[G4]; take
Ey, =0,V = {ta}. Put H = (Vi,E;) and Hy = (Va,E3). Then (Hy, H>) is an
(sa,ta)-splitting of G4. We take graph embeddings ¢1 = ¢, : H1 — Gp, and ¢2 =
¢ : Ho — Gp. Then ¢1(SA) = sp and (ﬁg(tA) =tp and ¢1(E[H1]) n ¢2(E[H2]) = 0.
Thus, A @ B. O

The converse of Proposition 1.20 is false, as the following example indicates.

ExAMPLE 1.21. Take A and B to be the flow graphs depicted on page 7, where
Figure 1.6 illustrates that A ( B. Note that G4 contains a vertex of degree 3, while
Gp does not, hence no neighborhood of sg or tg can be isomorphic to G4. Thus

A @B.

2. Results. We begin by considering properties of @ in Section 2.1. We show
that @ 1is an associative, non-commutative operation, and provide a natural crite-
rion for a flow graph to be irreducible as a proper sum. We prove that every flow
graph is canonically decomposable as a sum of irreducibles. Using this canonical de-
composition, we deduce left and right cancellation laws for @ , and show that if two
flow graphs A and B commute with respect to @ then they are necessarily scalar
multiples of some flow graph C. Then, in Section 2.2 we show that ) is an associa-
tive, non-commutative operation and that it right-distributes over @ (but does not
left-distribute). We define left and right divisibility of flow graphs, and use this to
introduce the notion of a prime flow graph, and show that the concept of left-prime
and right-prime coincide. We describe the canonical @ decomposition of flow graph
products in terms of the @ decompositions of each of the ) factors. Finally, in
Section 2.3, we explore the relationship between strong order (denoted by &) ) and
weak order (denoted by (), describing the interaction between these orders and
the operations of @ and ) . We show that while the two orders coincide on the
graphical natural numbers, neither order is anti-symmetric on all of F, and only ) is
transitive. On the other hand, many of the laws that govern the relationship between
<, + and x in N continue to hold for @, @ and & in F, but these laws are
violated under the ordering ).

2.1. Additive Properties. In this section we present some properties of @ .
LEMMA 2.1 (Associativity of @ ). The operation @ 1is associative.
Proof. Given flow graphs A, B, C,

(ADB) ®C=(Ga @ 1,~s5GBs54,t8) D C
= ((GA @ tAmsBGB) @ tBNsCGCaSAatC)
= (G4 @ 1,055 (GB D 15r5.G)r 84,5 tC)
=A@ (G @ 13nscGos 8B, tC)
=A®DBO).
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a

EXAMPLE 2.2. Let A be the flow graph consisting of a directed cycle of length 3
and let source and target vertices be any two vertices on this cycle. Then it is easy
to check that A @ F5 is not equal to F» @ A, that is to say, there is no flow graph
isomorphism between A @ F» and Fy @ A (see Figure 2.1).

A FaA
s t S t
K, AoF,

S

F1c. 2.1. Ezample showing the non-commutativity of addition in F.

The previous example proves the next lemma.

LEMMA 2.3. The operation @ is not commutative.

The next definition is the flow graph analogue of a cut vertex in standard graphs.

DEFINITION 2.4 (Splitting vertex for a flow graph).  We say that w is a splitting
vertex for flow graph A = (Ga,s4,ta) if W # sa,ta and the deletion of w from G 4
produces precisely two components, one containing sa and the other containing t4.
We denote the component containing sa as G%(w), and the one containing t4 as
GY(w). Letis : G4(w) <= Ga, it : G4(w) — Ga denote the natural subgraph
injections. Since w is a splitting vertex for A, sa € Im(is), ta € Im(iy). The pair of
graphs (G5 (w), G4 (w)) is called the (sa,ta) splitting of Ga induced by w.

DEFINITION 2.5 (Flow graph splitting). Suppose vertex w is a splitting vertex for
flow graph A = (G a,54,ta). Take taw to be a new vertex (not present in V|G (w)]),
and define flow graph AY = (G av,sav,taw) as follows:

VIiGap] = VI[Gh(w)]Utay,

ElGay] = E[G ()]
U{(taz,u) | (
U {(u, taw) | (

SAw = i;l(SA).

w,u) € E[Gal,u € VG4 (w)]}
u,w) € E[Gal],u € V]G5 (w)]},

Analogously, let saw be a vertex not present in V[GY(w)]. Define AY to be the flow
graph (G av,sa»,ta») as follows.
V[Gar] = VG4 (w)] Usay,
ElGap] = BIGh(



A GRAPHIC GENERALIZATION OF ARITHMETIC 11

The pair of flow graphs (AY, A}) is referred to as the splitting of A induced by w.

DEFINITION 2.6 ( @ -Irreducible). A flow graph A is called @ -reducible if can
be expressed as a non-trivial sum A = B @ C (where both B and C are non-trivial
flow graphs). Otherwise it is called @ -irreducible.

LEMMA 2.7 ( @ -Irreducibility Lemma). Flow graph A = (Ga,s4,t4) is @ -
reducible if and only if V|G 4] contains a splitting vertex for A.

Proof. If A=B @ C, then

w=0,2,.ts) =7,2,. s0)

is a splitting vertex for A (see expression (1.1) on page 3 for definitions of the ¢ and
T injections). Conversely, if w is a splitting vertex for A, then A = AY @ AY¥. O

PRrOPOSITION 2.8 (Component-wise decomposition of isomorphisms under @ ).

Suppose A and B are two flow graphs, expressed as sums of @ -irreducible flow

graphs as follows:

A=A DA @D - @ An-1,
B=By @B @ --- @ Byr1
Then
A=B&m=mnand A; =B; foralli=0,...,m—1.

Proof. [<] Let ¢; : A; — B; be given component-wise isomorphisms, for i =
0,...,m — 1. Define ¢ : A — B by defining ¢|a, = ¢;. Since tp, = ¢;(ta;) =
Gir1(54:41) = 8By, for i = 0,...,m — 1, this provides a well-defined isomorphism
between A and B.

[=] We prove the statement by induction on max(m,n). In the case when m =
n = 1, the claim is trivial. For the inductive step, let ¢ : A — B be an isomorphism.
Consider ¢(Ap), and take k to be the smallest integer in {0, ...,n—1} for which ¢(A4y)
is a subgraph of By @ B1 @ --- @ By. Since Ay contains no splitting vertices, it
must be that ¥ = 0, since otherwise the @ -irreducible flow graph Ao would be
isomorphic to the reducible flow graph ¢(Ap). Since k = 0, we have shown that
#(Ap) is a subgraph of By. Now, repeating the argument for By using ¢!, we see
that ¢~!(By) is a subgraph of Ag. It follows that Ag is isomorphic to By under
a suitable restriction of ¢. Now, since ¢(4A) = B and ¢(A4g) = By it follows that
#(A\Ag) = B\ By, or more specifically ¢(A; @ - @ An1)=B1 @D - @ B,_1.
By inductive hypothesis, this implies that m = n and A; = B; foralli =1,...,m—1.
d

DEFINITION 2.9 (Splitting vertex ranking). Given flow graph A = (Ga,54,t4),
let x(A) C V[G4] be the set of all splitting vertices for A. We define the s-ranking
and t-ranking functions r2, 7" : x(A) = N as follows:

ri (w) = [V[G3(w)] N x(4)],
ri (w) = [V[Gh (w)] N x(4)]-
When it is clear from the context, we denote 7s(w) = ri(w) and ri(w) = r* (w).
LEMMA 2.10. Let w € x(A) be a splitting vertez for flow graph A = (Ga,s4,ta).
Then for all u € V[G% (w)] N x(A):
rs(u) < rs(w),

ri(u) > ry(w);
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and for all u € V[GY(w)] N x(A):

rs(u) > rs(w),

ri(u) < re(w).

Proof. First, note that for any u in (V[G? (w)] U V[GY(w)]) N x(4)
rs(u) +re(u) + 1= |x(A)] (2.1)

Now if u € V[G%(w)] N x(A), then since w € (V[GY(w)]\V[G4(w)]) N x(4), so it
follows that V[GY (w)] C V[G% (u)]. But then ri(w) < r¢(u). By expression 2.1 above,
it follows that r5(w) > r5(u). The proof for the case when u € V[GY(w)] N x(A) is
analogous. O

LEMMA 2.11. Given a flow graph A = (G 4,54,ta), for eachi =0,1,...,|x(4)|—
1 there is a unique vertex v; in x(A) with the property that rs(v;) = 1.

Proof. First we note that one cannot have two distinct vertices v, v’ having
rs(v) =715(v'), since either v € V[G¥ (v')] or v' € V[G%(v)], and so by Lemma 2.10 it
follows that rs(v) # rs(v'). Base case: i = 0. Let wg be any vertex in x(A4). If rs(w) >
0, then V[G% (w)] N x(A) is not empty. So let w; be any vertex in V[G%(w)] N x(A).
By Lemma 2.10, rs(w1) < rs(wp). Repeating in this fashion, after finitely many steps
wo ~ wy ~ ... we find some vertex vg for which r4(vg) = 0. Inductive step ¢ + 1:
Let v; be the unique vertex in x(A) having r4(v;) = i. Define v; 1 to be the vertex
in V[GY (v;)] N x(A) for whose s-rank is minimal. Since

VIGa(ir1)] N x(4) = [VIG (0i)] N x(A)] U {vi},

it follows that rs(vit1) = rs(v;) + 1 =14 + 1, hence the result. O

DEFINITION 2.12 (Canonical @ -decomposition). Let A = (Ga,s4,ta) be
a flow graph. Take x(A) = {vo,v1,---,Vxa)-1} to e the set of splitting vertices
for A, ordered according to the indexing scheme postulated in Lemma 2.11. Define
A = Avo - A0) = A% qnd then for eachi=1,2,...,|x(A)| =1, put

Vi

A@ — (A(i—l)) ,
A6 — (A(ifl)):i_

We shall denote AIX(DI=1) g5 AUX(AD " The canonical @ -decomposition of A is
defined to be the sequence

(A) % (A0, AN A1) 4(1x(A))),

Note that the effectiveness of this definition guarantees uniqueness of the decomposi-
tion.

LEMMA 2.13 ( @ -decompositions for sums). Given A = (Ga,s4,t4) and
B = (G, sB,tB), two flow graphs with their respective canonical @ -decompositions
(A) and (B). Then the canonical @ -decomposition of A @ B is (A)(B), the con-
catenation of (A) with (B).

Proof. First, note that [x(4 @ B)| = |x(4)| + [x(B)| + 1. More specifically, if

X(A) = {uo,ul, Ce ,U|X(A)‘,1}, and
X(B) = {vo,v1, ..., vx(B)|-1}
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are the sets of splitting vertices for A and B respectively, ordered by ascending s-
rank, according to the indexing scheme postulated in Lemma 2.11, then A @ B has

splitting vertices:

x(A @ B) = {01@%33 (UO)aUS?mB (u1),- .- aUt(?mB (u/x(a)|-1),

0y (t2) = e, (51),
7D 0 (00, T (01, T (”\X(B)\—l)} :
But since al@%sB and Tt@%w are injections,
A for 0 <@ < [x(A)],
. A(x(A)-1) =
(A @ B)(z) — A for i |X(A)|a

BEx(DI=D) for |x(A)| < i < |x(A)] + [x(B)],
BIX(B)I=1)  for i = [x(A)| + |x(B)| + 1.

It follows that (A @ B) = (A)(B). O
PROPOSITION 2.14 (Correctness of the @ -decomposition). Consider the canon-
ical @ -decomposition of A as given in Definition 2.12:

(A@ A 4Dy,
Then
A=A0 @ AD @ A ... @ AIXAI-1) gy 4Ix(AD

and every summand is @ -irreducible.

Proof. Since r4(v;) = i, it follows that x(A®) = @ for all i = 0,1,...,|x(4)|.
Since each summand has no splitting vertices, by Lemma 2.7, each is @ -irreducible.
We prove the Proposition by induction on |x(A)|. The base case when |x(4)] =1
is straightforward, since Definition 2.12 specified A(®) = A% and A(®) = A% Then,
since A% @ A;° = A for any splitting vertex wvg, the result follows. Suppose the
Proposition has been proved for all flow graphs B which enjoy |x(B)| < k. Let A
be a flow graph with |x(4)| = k + 1. Unravelling Definition 2.12 yields A%*+1 =
AW = (@A* D yoe — 4% Then since A = A% @ A™ and |x(A%)| = k, by inductive
hypothesis and Lemma 2.13,

A= AP @ A
= (4") @ A
= (AT)O) @ . (AT)® @ AP
=A9 P AD P AP ... @ A® @ 4¢-+D
=(4).

The result follows. O
LeEMMA 2.15 (Right-cancellation law for @ ). Let A, B,C be flow graphs.

A@B=A®C=B=C.
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Proof. Let (A @ B) = (A){(B) be the canonical @ -decomposition of A @ B,
and (A @ C) = (A){C) be the canonical @ -decomposition of A @ C respectively.
Proposition 2.14 indicates that any isomorphism ¢ : A @ B — A @ C is also an
isomorphism from the summation of the entries in (A)(B) to the summation of the
entries in (A){(C). By Proposition 2.8, ¢ must send the summation of the initial entries
(A) in the first decomposition to the summation of the initial entries (A) in the second
decomposition. Thus ¢ must send the summation of the entries of {(B) in the first
decomposition to the summation of the entries of (C) in the second decomposition.
Thus by Proposition 2.14, B=C. O

The next lemma is proved in a manner analogous to Lemma, 2.15.

LeEMMA 2.16 (Left-cancellation law for @ ). Let A, B,C be flow graphs.

B®A=C@®A=B=C.

PROPOSITION 2.17 (Commutativity condition for @ ). Given flow graphs
A=(Ga,sa,ta) and B = (Gp,sB,tB),

A®PB=B®A
iff there exists a flow graph C and integers ki, ko in N such that

A=FkC, and
B = kyC.

Proof. [<] If A=k C and B = koC, then A @ B= (k1 + k2)C = B @ A.
[=] The proof is carried by induction on max(|x(4)|, |x(B)|). Consider the canon-
ical decompositions of A and B,

A=A49 §AM P A® @ .. @ AXADI=Y @ AXADD
B=B% @ BO @ B® @ ... @ BIx(B)I-1) g BUx(B))

If |x(A)| = |x(B)| then Proposition 2.8 tells us that an isomorphism ¢ : A @ B —
B @ A restricts on the first summand A to yield an isomorphism from A to B. So
in this case, we can take C = A = B and k; = ko = 1. This proves the case
max(|x(A)|, |x(B)|) = 0, which forms the basis of the induction.

Suppose that max(|x(A)],|x(B)]) > 0, and |x(4)| # |x(B)|. Without loss of
generality, suppose |x(4)| < [x(B)|- Then A® = B® for i =0,...|x(4)|. It follows
that

BH XA = BO for § = 0,...,|x(B)] — (Ix(4)| + 1), (2.2)
B = B for § = (|x(A)| +1),...,|x(B)|. (2.3)

If (]x(B)| + 1) is divisible by (|x(A)| + 1), then expressions (2.2) and (2.3) above are

in fact equivalent, and in this setting, we take C = A, k; = 1 and ks = %

in order to satisfy the proposition. Suppose now that (|x(B)| + 1) is not divisible by
(Ix(A)| +1). Put
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and define

X=B9 @BW... @B,
Y =B™ @ B+t ... @ BIx(AD,

Note that B=dA @ X and

A=A0 AN @ AD @ ... @ AXAI-D) @ 4Ix(AD
=B® ®BY @ ---BCY @ B™ @ BrtY ... @ pIx(AI=-1) q x4
=X@Y.
It follows that B = d(X @Y) @ X. On the other hand, X @Y =A=Y X
(see Figure 2.2), since
XPY=4
=40 AV @ ... @ AIXxAD
=B BV @ --- @B @ --- @ BIXDI-1) @ BIx(AD
=B @ ... @ BXBI-D @ BIX®D) i BO @ ... @ BV
=Y @ X.

Fic. 2.2. Inductive step showing X Y =A=Y  X.

Since r # 0 the inductive hypothesis applies to the flow graphs X, Y, i.e. there
exists some flow graph Z and suitable integers [y, I so that X = 1 Z, Y = 1,Z. Tt
follows that

A=XPY=WLZ PlZ=(1+15)Z and
B=dA@X=dXQPY)DX=dlh+1)Z ®hZ=((d+1l1+1)Z.
So taking C = Z, k1 =1y + Iz and ky = (d + 1)l + I3, the Proposition is proved. O

2.2. Multiplicative Properties. In this section we present properties of ) .

LEMMA 2.18. Given flow graphs A and B, there is a natural bijective correspon-
dence

AA’B : E[A ® B] — E[GA] X E[GB]
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Proof. Fix an edge e in E[G4 @ Gp]. Then e appears in (A & ,B) at some
stage ¢ where 1 < i < |E[G 4]| (where 7 is the enumeration specified in Definition 1.8).
We define A4(e) to be the edge e; € E[G4]. At stage i we effectively replace edge
e; = (u;,v;) with a new disjoint copy of Gp-by gluing sp with u; and tg with v;.
Thus the edge e corresponds to some edge Ap(e) in this new disjoint copy of Gp.
The desired bijection e — A4 g(e) = (Aa(e),Ag(e)) is thus obtained. Note that
the bijection A4, g is independent of the enumeration 7 of the edges of E[G 4] which
appears in the definition of A & B. O

LEMMA 2.19 (Associativity of & ). The operation Q) is associative.

Proof. Given flow graphs A = (G4,s4,t4), B = (GB, sB,tB), C = (G, sc,tc),
we want to show:

A®B)RC=4AQ B EIJIO).

By Lemma 2.18, the map A , ® B.C is a bijective correspondence between the edges of
(A ® B) ® C and (E[G4] x E[GB]) X E[G¢]. Likewise, the edges of A Q) (B ® C)
are in bijective correspondence with E[G 4] x (E[GB] x E[Gc]), via A, 5 &) - Obvi-
ously (E[G 4] x E[GB]) x E[G¢] is in bijective correspondence with E[G 4] x (E[GE] %
E[G¢]) by the map 7 : ((e1,e2),e3) — (e1,(e2,€3)). Then the composite map

p=~7,p ®c°7r°AA®B,c

is an isomorphism of flow graphs which carries (4 ® B) ® Cto A ® (B ® C). O

EXAMPLE 2.20. Let A be the flow graph consisting of a directed cycle of length
3 and let source and target vertices be any two vertices on this cycle. Then it is easy
to check that there is no flow graph isomorphism between A Q) F> and F> Q A (see
Figure 2.3).

A F2 ®A

S t s t

F1G. 2.3. Ezample showing the non-commutativity of multiplication in F.

The previous example proves the next lemma.

LEMMA 2.21. The operation (X is not commutative.

LEMMA 2.22 (Right-distributivity of & over @ ). For any flow graphs
A, B,C,

A@B)RC=AR0C) BRI
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Proof. Fix e € E[(A @ B) ® C]. Then define Sy(e) = A, @ g.c(€). Note that
Bo(e) = (€', f), where € is an edge in E[G ® gl and f is one in E[G¢]. Define
pi: E[G , ® gl = E[G4]U E[GB] so that

Then f1 o By maps E[(A @ B) ® C] injectively into (E[G4] x E[G¢]) U (E[GB] %
E[G¢]). Define B2 by taking

; - Aﬁ,lc(e) if eeE[G, ® cl
2(e) = Agla(e) if  ee E[Gy ® cl

Then B, maps (E[G 4] x E[G¢]) U (E[GB] x E[G(]) into E[G , ® cJUE[GL ® ol
injectively. Finally, define 83 by taking

o ~og.® I ee Bl
@

Q& b@e

Bs(e) = .
if ee E[GB®C].

Then 3 maps E[G , ® cJUE[Gy ® c] injectively into E[G(A ®0)®(B®C)]. The
composite map B3 o 82 0 §1 o Bp maps the edges of (A @ B) &® C injectively into the
edges of (A ® C) @ (B ® C), and is the desired flow graph isomorphism demon-
strating the claimed equality. O

Let A be the flow graph consisting of a directed cycle of length 3 taking source and
target vertices to be any two vertices on this cycle. Observe that A Q) (F1 @ F1) =
AQREFE, while AQF) P ARF)=APA=24=F, RQA. Referring to
Figure 2.3 again, we see that A & F» # F» ® A. Thus, we have shown

LEMMA 2.23 (Non Left-distributivity of @ over @ ). There exist flow graphs
A B,C,

AQXYBBCO)#(AR®B) ®MARCO)

DEFINITION 2.24. Given flow graphs A, B at least one of which is non-trivial,
and a flow graph C, we say

A/B=Ciff A=C ® B
AB=Ciff A=B ®C.
If there is no C for which A/B = C, we say that A/B does not exist and A is not

right-divisible by B. If there is no C for which A\B = C, we say that A\B does
not exist, and A is not left-divisible by B. By convention, we say that ©/ © and

©\ © are undefined.
Clearly if m and n are standard integers then F,/F, iff F,,\F, iff m is divisible
by n.
LEMMA 2.25. For all flow graphs A, B,C
A/C=(A/B) ® (B/C)
A\C = (B\(C) ® (4\B)
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whenever these graphs exist.

Proof. Suppose A/C = K; and B/C = K5. By definition, A = K; @ B and B =
Ky ® C. Thus, A = K; ® (K2 ® C), which by Lemma 2.19 is (K; Q K2) ® C.
Thus A/C exists and equals K1 @ Ko = (A/B) ® (B/C). Suppose A\C = K;
and B\C = K,. Then by definition, A = B ® K1 and B = C & K2. Thus,
A=(C Q K3) ® K;, which by Lemma 2.19is C @ (K2 ®Q K1). Thus A\C exists
and equals Ky @ K; = (B\C) ®Q (A\B). O

LeEMMA 2.26 (Distributivity of right-divisibility over @ ). For all flow graphs
A, B,C,

A/B®C/B=(A®C)/B

Proof. Suppose A/B = K; and C/B = K,. Then by definition, A = K; Q B
and C =Ky @ B. Thus A @ C = (K; ® B) @ (Ky ® B) which by Lemma 2.22,
equals (K; @ K,) ® B. It follows that (A @ C)/B equals K; @ K,, which is
A/B @ C/B. O

OBSERVATION 2.27 (Non-distributivity of left-divisibility over @ ). Note that
Lemma 2.23 can be used to construct examples that demonstrate non-distributivity of
left-divisibility over @ . For example, let B be a directed cycle of length 3 with any two
vertices as sg and tp. Take A= B Q F>. Then A\B = F>. Now take C = B. Then
C\B=F, and so (A\B) @ (C\B)=F, @ F1 = F;. Since A@ C # B Q Fs, we
see that (A @ C)\B # (A\B) @ (C\B).

In Definition 2.4, we introduced the notion of a splitting vertex. Now, in unrav-
elling information about () , we require the notion of a splitting edge.

DEFINITION 2.28 (Splitting edge for a flow graph).  Let A = (G4,s4,t4) be
a flow graph. A splitting edge of A is an edge e € E[G 4] with the property that G\e
has precisely two components, one of which contains s4 and the other contains t4.
We denote the set of all splitting edges in A as A(A).

LEMMA 2.29. For any flow graph A, if A is @ -irreducible and A # @, then
A(A) =0.

Proof. If A # F; and e = (u,v) is a splitting edge then either u or v or both must
be a splitting vertex. Hence A is @ -reducible. O

LeEMMA 2.30 (Splitting edges in @ -decompositions). Given a flow graph A, let
(A) be its @ -decomposition. Then there exists a map i : A(A) — {0,1,...,x(4)}
which injectively associates to every splitting edge an @ -irreducible component in
the @ -decomposition of A, such that A¥®) is a component consisting only of edge e,
and is isomorphic to F;.

Proof. Appealing to Proposition 2.14, fix ¢ an isomorphism from A to the com-
ponent decomposition of (4). By Proposition 2.14, every A() is @ -irreducible. By
Lemma 2.29 it either has no splitting edges or it is F;. Suppose € is a splitting edge in
A. Then ¢(e) is a splitting edge inside Ae) for some i, in {0,...,[x(4)|}. It follows
that A(%) = F| and the map i : e — i, enjoys the property claimed in the lemma. O

REMARK 2.31. Given flow graphs A and B, a splitting vertex in A Q B comes
either from a splitting vertex of A or from a splitting vertex in (a copy of ) B which
lies on a splitting edge of A.

OBSERVATION 2.32 ( @ -decompositions for products). Given flow graphs A, B,

(ARQB)=(A9 AV @ --- @ AXY)Y ® B

=49 B DAY ®B) @ --- @ (AXY) ® B)
= (A9 ® BY{AY ® B)---(AXA) & B).
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Since AW is @ -irreducible, by Lemma 2.7 we know that x(A®) = 0. Case (i).
A® £ Fy. Then by Lemma 2.14, A(AD) = 0. It follows from Remark 2.31 that
A ® B has no splitting vertices, so by Lemma 2.7, it is @ -irreducible. Hence,
(A @ B) is a one-element sequence consisting of A0 @ B. Case (ii). A% = Fy.
Then AW @ B = B, so AD ® B is @ -irreducible iff B is @ -irreducible. In
this case (A ® B) = (B) is a (|x(B)| + 1)-element subsequence consisting of the
@ -decomposition of B.

LEMMA 2.33 ( @ -decomposition length for products). Given flow graphs A, B,

IX(4 ® B)| = [x(A)] + [A(A)] - [x(B)].

Proof. Consider each @ -irreducible component A® in (4). If A® = F| then
by Observation 2.32, it contributes (|x(B)| + 1) components in (A @ B). There are
|A(A)| components in (A) which are isomorphic to Fj, so these together account for
[A(A)]- (|x(B)|+1) components in (A & B). The remaining |x(A)|+1—|A(A)| com-
ponents in (A) (again by Observation 2.32) each contribute 1 component to (4 & B).
It follows that the total number of components in (A & B) is

Ix(A)]+1—]AA) +[AMA)|(Ix(B) +1) =
Ix(A)] + |A(A)]|x(B)| + 1.

This shows that |x(A @ B)| = |x(A4)| + |A(A)||x(B)| as desired. O

PROPOSITION 2.34 ( @ -irreducibility for products). Let A # @ be a flow
graph. Then, A is @ -irreducible iff for oll flow graphs B, A ) B is @ -irreducible.

Proof. [«<] Taking B = (), we see that Ais @ -irreducible.

[=]If Ais @ -irreducible, then x(A) = 0. Since A # @, it follows that A(A4) =
. So by Lemma 2.33, for any flow graph B, x(4 ® B) = 0. It follows that A X B
is @ -irreducible. O

DEFINITION 2.35. A flow graph A is called right-prime if A/B exists only for
B= (@ or B=A. Similarly a flow graph A is called left-prime if A\B exists only
for B= @ or B=A.

Note that a natural number n is prime iff the flow graph F;, is prime.

LEMMA 2.36. For all flow graphs A, A is right-prime iff A is left-prime.

Proof. Suppose A is right-prime. Assume that A\ B exists. We want to show that
B =F; or B = A. Since A\B exists, it follows A = B & K for some K. Thus A/K
exists, and since A is right-prime it follows that K = F; or K = A. If K = A then
B=F.IfK=F),then B=A.0

2.3. Order Properties. In this section we explore the relationship between
strong ordering by & and weak ordering by (& . While the two orders coincide on
the graphical natural numbers, neither order is anti-symmetric on all of F, and only

® is transitive. On the other hand, many of the laws that govern the relationship
between <, + and x in N continue to hold for @, @ and ® in F, but these
laws are violated under the ordering ).

LeEMMA 2.37 (Strong Order Preservation). For flow graphs A,B,C, if A @ B
then

(A4®0C) BRI
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Proof. Let A = (Ga,sa,ta), B = (GB,sB,ts). Since A @ B there are graph
embeddings ¢s : Ga — Gp and ¢; : Ga — Gp which satisfy ¢s(s4) = sp and
¢1(ta) = tp. Define 7, : E[G4] x E[G¢] — E[GB] x E[G¢] by

(e, f) = (¢s(e), f)-
Then the composite map

A

59 B[4 © €] € BlGA)x BlGe] ", FIGs] x FlGe] “2¢ BB @ C]

defines an embedding of G , Rc Gpg ®c which takes s , ® c to sg ® c An

analogous construction can be carried out to produce a map ®¢ which embeds
GA®C—>GB®Ca,ndsendstA®Ct0tB®C.EI

LemMA 2.38 (Strong Order Violations). There exist flow graphs A and B with
A ® B for which

(1) AC1 € F such that (A @ C1) @ (B @ C1)
(#4) ACy € F such that (Co @ A) @ (C2 @ B)
(#41) AC5 € F such that (C3 Q) A) @ (Cs ® B).

Proof. See Figure 2.4. O

‘o—@ . 0-0-@

G
s A®C1 s B@C1
t t t

C Oe. OeQe. c® A @e@»@%, coB

S t

t : O
c, : : e A ©—> ©%<< cpe
O s DS

F1G. 2.4. Strong order violations: (i). (A © C1) @ (B © C1), (ii). (C2 © A) @ (C2 © B),
and (iii). (C3 © A) @ (Cs © B).

We consider possible anti-symmetry of & . Suppose A Q@ B and B @ A. There
is a graph embedding ¢s : G4 — Gp which satisfies ¢5(s4) = sp. Hence |V[G4]| =
[Vigs(Ga)ll < [V[GB]| and |E[GA]| = |E[¢s(Ga)]| < |E[GB]|- Since B & A, there
is a graph embedding v, : Gg — G4 which satisfies ¢s(sp) = sa. So |V[GB]| =
|[V[Ys(GB)]| < |V[G4]l and |E[GEB]| = |E[¢s(GB)]| < |E[G4]|. It follows that ¢ is
actually an isomorphism from G4 to Gp satisfying ¢s(s4) = sp. A similar argument
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shows that there is an isomorphism ¢; from G4 to Gp satisfying ¢;(t4) = tg. To
conclude that A = B requires a single flow graph isomorphism 7 from A to B, satis-
fying both w(s4) = sp and w(t4) = tp. Indeed in some cases, no such isomorphism
may exist.

EXAMPLE 2.39. Let G 4 be a directed cycle of length 4, and take sa,t4 to be any
two vertices in V[G 4] that are distance 2 apart. Put Gp isomorphic to G4, taking
sB,tB to be two vertices in V[Gg] that are distance 1 apart. Then it is easy to verify
that (Ga,s4,t4) = A @ B = (Gp,sB,tp) and B Q@ A. Clearly, however, A # B as
flow graphs (see Figure 2.5).

s S
F1G. 2.5. An ezample which demonstrates that the strong order is not antisymmetric.

The previous example proves the next lemma.
LEMMA 2.40 (Non-antisymmetry of strong order &) ). There exist flow graphs
A and B for which

A®B and B @ A but A # B.

LEMMA 2.41 (Transitivity of strong order & ). For all flow graphs A, B,C

A QB and B ® C implies A Q C.

Proof. A ® B: i.e. there are graph embeddings ¢s : G4 - Gpand ¢, : G4 - GpB
which satisfy ¢s(s4) = sp and ¢¢(t4) =tp. B & C: i.e. there are graph embeddings
0s : Gg — G¢ and 6; : Gg — G¢ which satisfy 0,(sg) = s¢ and 6,(tg) = tc-
We want to show A @ C: i.e. there are graph embeddings as : G4 — G¢ and
oy : G4 — G¢ which satisfy as(s4) = s¢ and ay(t4) = t¢. Put as = 65 0 ¢5 and
Ay = 6,5 o ¢t- 0

LEMMA 2.42 (Weak Order Preservation). For flow graphs A,B,C, if A Q B
then

) (A@C) B @0

®
(@) (C @ 4) ©(C @ B)
(i) (A ®C) © (B ®C).

Proof. Let A = (Ga,s4,t4),B = (Gg,sB,tg) and C = (G¢,sc,tc) be given.
A © B implies that there exists an (s4,t4)-splitting (Hy, Hs) of G4 and graph em-
beddings

¢1:H1—)GB
¢2:H2—>GB

satisfy ¢1(sa) = sp and ¢2(t4) = tp and ¢1(E[H1]) N ¢2(E[H2]) = 0.
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(i). Put Ky = H; and define K5 to be the graph obtained by gluing Hs and G¢
such that t4 is identified with sc. Now define ®; = ¢ : Hi = G @ 4,~s.Gos
Py, = ¢p2 : Hy - Gp @tBNSCGC and ®s|g, : Go = GB @tBNsCGC' Then
(K1, K>3) is an (sa,tc)-splitting of Ga @ 4, ~,.Gc and

P, : K1 > Gp @ tB%scGC7
(132 ZKQ — GB @ tB%scGC

are graph embeddings satisfying ®(s4) = sp and ®2(t¢) = tc-

(ii). We defineL; to be the graph obtained by gluing G¢ and H; such that t¢ is
identified with s4 and we put Ly = H>.

01|G'c : Gc — Gc (—B tchBGB
O1lm, : Hi = Go @ tonssGB
02 = ¢2 :H2 — GC @ tc%SBGB'

Then (Ly, L2) is an (sc,ta)-splitting of Go @ ;,~,,G4 and

01:L1 = Go @ 1,ns,GB>
O2:Ly —Go @ tCQSBGB

are graph embeddings satisfying 61 (s¢) = s¢ and 05(t4) = tpB-
(iii). Put
My=H ®C
Ms =Hs R C.

Since E[H:] U E[H,] = E[G 4] and E[H:]) N E[H,] = 0, it follows that E[H, ® C]U
E[H; ® C] = E[G4 ® C] and E[H; ® C]NE[Hy ® C] = 0. Thus M;, M5 are an
(s,t)-splitting of G4 @ C. Now take 1 : E[M;] - E[Gg ® G¢] and B2 : E[M>] —
E[Gp ® G(¢] defined by

/31 : (eaf) = (d)leaf)
Bz (€, f) = ($2€, f)

for e € E[Hy], ¢’ € E[H2] and f € C. The injectivity of 81 and S follows immediately
from injectivity of ¢; and ¢o. Since ¢1(E[H1]) N ¢2(E[Hz2]) = 0, it follows that
Bi(E[H1 ® C)) N B2(E[Hy ® C]) = 0. Since ¢1(sa) = sp and ¢a(ta) = tp, it
follows that £ (s , ® o) = 58g ®c and Ba(t , ® o) =ty ® c Thus, the maps 31
and B demonstrate A Q C @ B ® C. O

LEMMA 2.43 (Weak Order Violations). There exist flow graphs A, B,C for
which A & B but

(C®A ®@C ®B).
Proof. See Figure 2.6. O
LEMMA 2.44 (Non-transitive weak order (). There exist flow graphs A, B,C

AQB andBQC but A @ C.
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F1G. 2.6. An ezample which demonstrates weak order wiolation: (C & A) @ (C & B).

e}

Fi1c. 2.7. An ezample which demonstrates that the weak order is not transitive.

Proof. See Figure 2.7. O

Since strong order implies weak order, Lemma 2.40 and the example in Figure 2.5
immediately yield:

LeEmMMA 2.45 (Non-antisymmetry of weak order ).

There exist flow graphs
A and B for which

BAandAQBbutA+B

23
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3. Conclusions and Future Work. As we have seen, strikingly many theorems
that are true in A continue to hold in F, though some fail. Qur future research
program will proceed on two tracks.

Informally, for each “classical” theorem ¢ in T A\Th(F):
(1) We shall consider the structure of maximal subsets X4 which have the prop-

erty that the submodel Xy wf (Flx,) E ¢. Of particular interest are sets
X4 which properly contain i(N).

(2) We shall describe a corresponding theorem ¢' in Th(F), such that ¢' = ¢
when restricted to i(N).

Examples of specific questions include:
i. Characterize flow graph pairs for which antisymmetry of strong order holds.
ii. Characterize ) -commuting pairs, i.e. under what conditions on flow graphs
Aand Bdoes A Y B=B R A?
iii. DoesA @ B=A ® Cimply B=C? DoesB ® A=C ® Aimply B =C?
In other words, does & satisfy a left /right cancellation law?
iv. Graph Prime Factorization Conjecture. Every flow graph is uniquely express-
ible (up to some well-defined reordering) as the product of prime flow graphs.
v. Describe solution sets (in F) for one-variable equations having the form
p(z) = ¢q(x), where p and ¢ are polynomials with coefficients from F.
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