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Abstract

In this paper, we introduce a natural arithmetic on the sailldfow graphsthat is, the set of
all finite directed connected multigraphs having a pair stidguished vertices. The proposed
model exhibits the property that the natural numbers apaea submodel, with the directed
path of lengthn playing the role of the standard integer We investigate the basic features
of this model, including associativity, distributivitynd various identities relating the order
relation to addition and multiplication.

1 Introduction

Thelanguage of arithmeti€ consists of two constan@sand1, one binary relatiorg, and two
binary operations- and x. In this paper, we generalize classical arithmetic definegt the
natural number® = {0,1,2,...}, to the setF’ consisting of allflow graphs finite directed
connected multigraph’sin which a pair of distinguished vertices is designated astiurce
andtarget vertex. We give natural interpretation fa on the setF’. To avoid confusion
with the standard model of arithmetic, the correspondingragions inf’ are denoted with
a circumscribed circle. The new modg&l = (F,0,1, <, +, X) is a natural extension of the

1By multigraph we mean graphs in which parallel and loop edgegpermitted.



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY x (2007), #Axx 2

standard modeV = (N, 0,1, < +, x).

Specifically, we exhibit an embedding N/ SF satisfying:

i(0) = 0,
i(1) = 1,
Ve,yeN, 2 <y & i(x)<i(y),
Ve,ye N, i(x+y) = i(z)+i(y),
Ve,y e Ny i(x xy) = i(z)i(y

There have been other attempts to define algebraic and ms&uictures on the set of all
graphs. In [6, 2, 1], the authors used graph embeddings taedafimetric on the set of all
simple connected graphs of a given order. This work diffesafthose investigations in that it
considers an infinite collection of graphs in order to exté#relstandard model of arithmetic,
and in doing so does not seek to establish a metric structineclassical operations on graphs
[9] (including extensive literature on graph products [Bdve yielded many results and a deep
mathematical theory. There has also been considerablewoidk on addition and multipli-
cation of ordinals and partially ordered sets [3, 4, 7, 8]. d&te, these prior investigations
have not yielded an interpretation of the language of amteron graphs. This paper presents
results and open questions in this direction.

2 Flow Graphs

Definition 2.1 (Flow graph) We define dlow graph A to be a triple (G4, sa,t4), Where
Ga=(Vy4,Ey)isa finite? directed connected multigraph ard, is a multisubset ofl’, x V4.
Note that this definition permits parallel and loop edyeSiven vertices: and v, we denote
#(u,v) to be the number of edges framto v. Individual parallel edges fromx to v will be
referred to as(u, v)1, (v, v)s, ..., (4, v);, ..., (U, vV)su.). However, if the argument does not
depend on a specific edge framto v, the subscript will be dropped—the expressianv)
will be used to mean any one of (possibly many) parallel edges « to v. The vertices
sa,t4 € V4 are called thesourceand thetargetvertex ofA, respectively. The set of all flow
graphs is denoted'.

Definition 2.2 (Flow graph morphism)Let A = (G4, sa,t4) and B = (Gp, s, tp) be two
flow graphs withG, = (V4,FE4) andGg = (Vs,Eg). Amap¢ : A — B is called a
flow graphmorphismif (1) As a map of vertex sets, : V4, — Vg respects edge structure:

2In this paper, we focus on finite flow graphs, although manyusfresults continue to hold in the formulation
which considers infinite flow graphs as well.

SWe say that two edges, = (u1,v1) andey = (ug,vy) areparallel if u; = up andv; = vy. An edge
e = (u,v) is called doop edgdf u = v.
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e = (u,v) € Ea = ¢(e) = (¢u, pv) € Ep (2) Source and target are preserved, ifgs, ) =
sp, ¢(ta) = tp. A flow graph morphism is said to be a flow grapmbeddingof A into
B if additionally ¢ is injective on bothl’, and £4. Flow graphsA and B are considered
isomorphicif there is a flow graph embedding: A — B for which¢(E,4) = Ep.

Clearly, flow graph isomorphism defines an equivalenceioglain flow graphs. In this
paper, we shall only consider properties of flow graphs whighinvariant with respect to this
equivalence relation. Consequently, when discussing aivagnce class of flow graphs, we
will conduct our analysis by restricting ourselves to antaaby representative from the class.
Whenever we refer to “A flow graph™, we shall intend “Any flow graph from the equivalence
class ofF™, but we will use the former phrase for succinctness. Lilssywe writeA = B for
flowgraphs to indicate only that and B are isomorphic as flow graphs.

Definition 2.3 (Trivial flow graph) A flow graphA = (G 4, sa,t4) is calledthe trivial flow
graphif |V [G 4]| = 1 and|E[G 4]| = 0. All other flow graphs are consideremn-trivial.

Definition 2.4. Given any flow grap, let A’ be the flow graph obtained by swapping the
source and the target of.

Definition 2.5 (Reflective flow graphs)A flow graphA = (G4, sa,t4) is called anreflective
flow graph ifA = A’. The set of all reflective flow graphs is denot¢d

Definition 2.6 (Infinitesimal flow graphs)A flow graph A = (G4, sa,t4) is called anin-
finitesimalflow graph ifs4, = t4. The set of all infinitesimal flow graphs is denofedNote
that an infinitesimal flow graph is necessarily reflectivee Tonverse is false as the reflective
example in Figure 1 shows.

Figure 1: A non-infinitesimal flow graph i#.

Definition 2.7. Given any flow grapt, let A* be the flow graph obtained by reversing all the
arrows of A.

Definition 2.8 (Reversible flow graphs)A flow graphA = (G, sa,t4) is called areversible
flow graph ifA = A*. The set of all reversible flow graphs is denotéd Note that if for all
verticesu, v in V4 we havei(u, v) = f(v, u), thenA is necessarily reversible. The converse is
false as the reversible example in Figure 2 shows.
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Y

Figure 2: A flow graph in7 having a non-symmetric adjacency matrix.

Definition 2.9 (Self-conjugate flow graphsA flow graphA = (G4, sa,t4) is called anself-
conjugaté flow graph ifA = A = A"

The set of all self-conjugate flow graphs is denotedNote that if a flow graph is both
reflective and reversible, it is necessarily self-conjegafhe converse is false as the self-
conjugate example in Figure 3 shows.

Indeed, no two of the setd, 7, andC are contained in each other. The flow graph in
Figure 1 belongs t@7\ (.7 U K). The flow graph in Figure 2 belongs {6\ (H U K). The flow
graph in Figure 3 belongs 6\ (H U 7).

Definition 2.10. Therosewith n petalsis defined to be the infinitesimal flow graph having
one vertex ana loop edges. Ros€3,, R, R3 are shown in the bottom left panel of Figure 4.

Definition 2.11. Thestar (antistar) with n edgeds defined to be the infinitesimal flow graph
Sy (S7) havingn + 1 verticesvy, vs, . .., v, andu = s = t, with n edges fromu to v; (v; to u)

for eachi = 1,...,n. StarsS;, S, and S; are shown in the bottom center panel of Figure 4,
while anti-starsS}, S; and.S; are shown on the bottom right panel.

Definition 2.12 (Graphical natural number)Ne represent the natural numberas a directed
chain of lengthn, havingn + 1 vertices. More formally, leP,, be a directed chain of length

(havingn + 1 vertices) where each vertex has in-degeeé and out-degreec 1. Denote by,

the unique vertex i, having in-degred), and lett,, be the unique vertex i, having out-
degree0. The flow graph¥,, = (P,, s,, t,) is referredthe graphic natural number. Define
the mapi : N — F as

i:n — I,

4The motivation for the ternself-conjugateill be clarified later, in item 4 of Section 3.4.
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Figure 3: A flow graph inC that is neither reflective nor reversible.
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Figure 4: Some examples of special flow graphs: the graphataral number$’, F;, F;, the
anti-pathsFy, Fy, F;, the rosesky, R., Rs, the starsS;, S,, S5, and the anti-starS;, S5, S5.
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We denotdj as0 and F; as1. Graphical natural numberg’, F, and F; are shown in the top
left panel of Figure 4, while the corresponding reverse floapips are shown in the top right
panel.

3 Arithmetic on Flow Graphs

3.1 Addition

In Definition 2.1, we represented the natural numiday the flow graphF,,. It follows that
we interpret the addition of two numbets andn, insideF as “concatenating?;,, with F,,,.
Consider, for example, the addition ®&nd2 depicted in Figure 5.

R - 5

) CHEEES T
N "/
\\\t\ /sl

1 t

!

i
S

7]
—

Figure 5: Interpreting addition of natural numbers insiéle

To extend this definition of- to all of /', we define general addition of flow graphs as
follows: Given two flow graphsi and B, define A+ B to be the flow graph obtained by iden-
tifying ¢4 with s and definings 4,5 = s4 andt 4. g = tg. An example of such an addition is
shown in Figure 6.

We begin by defining the following “Vertex gluing” operatiem directed multigraphs:

Definition 3.1 (Vertex gluing of directed graphsiiven directed graphé&/; and G5, and ver-
ticesu; € V[G1], ug € V[G,|, we define

Gl + GQ dZEf (Gll_IGg)/(ulqu)

U U

to be the graph obtained by taking disjoint copieg-efand G, and identifying vertex, in G,
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t
A+ B

Figure 6. General addition of flow graphs.

with vertexus in GG5. Note the obvious and natural graph embeddings
OF s 1 G1 = G1 4+ Gy (1)

ulRUY

Tt ZGQ — G1 + Gg..

uRUY

Now we can define addition of flow graphs:

Definition 3.2. Given two flow graphst = (G4, s4,t4) and B = (G, sp, tg), we define
A+B 4 (GA + GB,SA,tB).

tA%SB
SinceA and B are connected, it follows that+ B is connected.

The next lemma follows immediately from Definitions 2.12 &ha.
Lemma 3.3. Letm, n be natural numbers. Theitn + m) = i(n)+i(m).

We present some properties-of
Lemma 3.4. The operationt is associative.

Proof. Given flow graphsA, B, C,
(A+B)+C = (Ga + Gp,sa tp)+C
=
=

tA;t:sB
(Ga + Gg) + Ge,sa,te)
tA;t:sB iB%SC
Ga + (G + G¢),satc)
tA;t:sB tB;t:sC
= A+(Gp + Ge,sp,to)
iB%SC

= A+(B+C).
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O

One can check that+ Ry # R,+1. Thus we obtain
Lemma 3.5. The operationt+ is not commutative.

Definition 3.6. A flow graphA is called+-reducibleif there exist non-trivial flow graphs, C,
such thatd = B+C'. Otherwise A is called+-irreducible.

Definition 3.7 (Scalar multiplication of flow graphs)Given a flow graphA4, and a positive
natural numbert in N, we define left scalar multiplication inductively as folkw

1A = A
kA = (k—1)A+A.

Right scalar multiplication is defined analogously. As weéaeen;t is associative, and so
the two notions coincide. We shall subsequently considbr left scalar multiplication by
integer scalars.

Remark 3.8. Note that ifA is a flow graph withp 4 vertices andy, edges, and3 is a flow
graph withpg vertices and;z edges, them+ B is a flow graph having 4 + pg — 1 vertices
andqg, + gp edges.

3.2 Multiplication

In the previous section, we presented an interpretatiordditian in F that is a natural ex-
tension of addition on the natural numbers. In this sectwa,present an interpretation of
multiplication in F which generalizes the multiplication of natural numbersdoing this, we
must respect the fact that for each pair of natural numhbers,, the following identity holds
in -

p2+n2+---+ngzn1ng:@1+n1+---—|—n1.
Vv

'

n1 times no times

So, in particular, the definition of multiplication it must satisfy

TLan2 = Fann2 = ang. (2)

Given that we represent the natural numbeby the flow graphf;,, the product of two
graphical numbers$;,, andF,,, (denotedF;,, F;,,) can be made to satisfy relation (2) if we take
multiplication to be the act of replacing each edgé&pf with a copy ofF,,,. For example, the
multiplication of graphical natural numbefg andF; is illustrated in Figure 7.
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Figure 7: Standard multiplication of natural numbergAr{represented as flow graphs).

To extend this definition of multiplication to all af, we define general multiplication of
flow graphs as follows: Given two flow graphé and B, define AB to be the flow graph
obtained by replacing every edgéfrom E[G]) with a copy ofA as follows: For each edge
e = (u,v) in B, we remove: and replace it with a grapH. isomorphic toA, by identifyingu
with s 4_, andv with t4,_. An example of such a multiplication operation is shown igufe 8.
We now formally define multiplication of flow graphs:

Definition 3.9. Let A = (G 4, sa, t4) and B = (G, sp, tg) be any two flow graphs. We define
an equivalence relatior-p on V4 x Eg, as follows: Given vertices,, u, in V4, and edges
e; = (v1,wy) andey = (vq, wy) IN Ep, let (uy, (v1,w1)) ~r (ug, (v2, ws)) iff the following
holds: whenevert, is the source (target) and, is the source (target) then (respectively) the
tail (head) ofe; coincides with the tail (head) ef, in B. Then~py is an equivalence relation.

We define the flow grappB = (G, saB,tap) as follows. LetG, g = (Vap, Eap),
whereVyp = (Vi x Eg)/ ~g and ((uy, e1), (usg, e3)) € Eap if (ug,us) € E4 ande; = ey in
Egp. Definesap = (sa x €)/ ~r Wheree = (sg,w) foranyw € Vg andt p = (ta X €)/ ~g
wheree = (v,tg) for anyv € V.

SinceA and B are connected, it follows that B is connected.

We remark that there is an obvious symmetric definition foitiplication in which the
roles of two flow graphs being multiplied is exchanged. To aemin agreement with con-
ventions of ordinal and poset multiplication establishgdantor [3] and others subsequently
[4, 7, 8], we chose the definition above.

We now present some properties of multiplication.

Lemma 3.10. Let A be a flow graph withp 4 vertices and;, edges, andB be a flow graph
havingpp vertices andjz edges. Therd B hasg,qg edges. IfA is either trivial or infinitesimal



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY x (2007), #Axx 10
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(DN AN T

AB t

AB

Figure 8: General multiplication of flow graphs.

then AB has1 + gg(pa — 1) vertices. IfA is non-trivial and non-infinitesimal theA B has
ps + qe(pa — 2) vertices.

Proof. The flow graphAB is obtained by replacing each edge= (u,v) in Gp with a copy

of A as follows: remove: from Gz and replace it with a flow graph. isomorphic toA,
identifying v with s, andv with t4,. Thus each edge a@Fp produces;, edges inAB and

so the by doing the same operation with every edgé& pf we see that the number of edges
in AB will be g4gp. If A is non-trivial and non-infinitesimal, then each edge- (u,v) of
G produces in addition to its end verticesandv, an additionalp4 — 2) vertices. Thus the
number of vertices iMAB is pg + qs(pa — 2). If A is trivial, then each edge dafz under
this operation of multiplication byA collapses into one vertex and sequentially applying this
operation to all edges results in the grapB which consists of a single vertex with no edges,
that is, results in a trivial graph. W is infinitesimal and non-trivial, then each edge- (u, v)

is replaced by a copy o with s, = ¢4, identified withu collapsed withy . Thus the number
of vertices produced by an edge= (u,v) besides the collapsed vertex= v is (ps — 1).
Hence the total number of vertices B is 1 + gg(pa — 1). O

Lemma 3.11. Flow graph multiplication is associative.
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Proof. Given flow graphsA = (G 4, sa,t4), B = (G, sp,tB), C = (G¢, sc, tc), we want to
show:

(AB)C = A(BO).

We define a bijectiorh between the verticgsd B)C and the vertices oft (BC'), and then show
that A respects the edge relation. Let

Az (v, (v, w2)), €3) — (v1, ((v2, €3), (we, €3))),

wherev; is any vertex inA, v, andw, are two vertices imB, andes is any edge irC'. An edge
in (AB)C'is of the form

( ((Ub (7}2>w2))’ 63)’ ((Ui, (UQan))>€3) )7

where(vy, v}) € E[G 4]. The image of this edge undaris

( VU1, ((U27 63)7 (w27 63)) )
which is an edge ill(BC'). Hence(AB)C'is a subgraph ofA(BC'). Proceeding in the same
way usingA~!, one can show that(BC') is a subgraph of AB)C. The Lemma is proved. [
One can check thak; I, # F,R;. Thus we obtain

Lemma 3.12. Flow graph multiplication is not commutative.

The next lemma follows immediately from Definitions 2.12 &hél.
Lemma 3.13. Letm, n be natural numbers. Theilin x m) = i(n)i(m).

Definition 3.14 (Scalar exponentiation of flow graphspiven a flow graph4, and a positive
natural numbelk in N, we define right-exponentiation inductively as follows:

Al = A
AP = AFIA

Left-exponentiation is defined analogously. As we have, seenassociative, and so the two
notions coincide. We shall subsequently consider onlyt+gyiponentiation by integer scalars.

3.3 Zero Divisors and Units

The next lemma shows th&t has no members which behave like zero divisors.

Lemma 3.15. Given flow graphgs and H:

GH=0 & H=0 or G=0. 3)
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Proof. If G = 0thenGH = HG = 0. For the reverse implication, we appeal to Lemma 3.10,
noting thatGH = 0 impliesqggqy = 0, so eithergs = 0 or gz = 0. It follows that either
H=0orG=0. 0
The next Lemma shows that the only units arnd1’.
Lemma 3.16. Given flow graph&r and H:
GH=1 & G=1=H o G=1=H. (4)
Proof. By Lemma 3.10, we know thag;qy = 1, hencegqe; = 1 andqy = 1. It follows that

G,H € {F, F}, Sy, 57, R }. Sincel is not infinitesimal, it follows thatz, H € {F3, F|} Then
since

RF =FF=F # 1
FF =FF =1

the result follows. O

3.4 Structural Unitary Operators

The unary operations 6fDefinition 2.4) andk (Definition 2.7) interact nicely with the binary
operations of addition and multiplication. The followirdgentities are easy to verify:

1. Nilpotency of* and’ operations:A** = A = (A")

2. Distributivity of * and’ over addition and multiplication:

(A+B)" = A4+DB*
(A+B) = B'+A4
(AB)* = A'B
(AB) = AB'

~

3. Multiplicative definitions of and*:

A = (194

A = A1)

4. Commutativity of and* operations(A*) = (A)* = 1*A1*.

Note that this identity is the justification for the temelf-conjugaten Definition 2.9,
since if A = A, thenA = 1*A1*, and thus a self-conjugate graphis isomorphic to
itself conjugated by the only non-identity unit.
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3.5 Identity

Lemma 3.17.The flow grapt) £ F; is the unique one-sided identity on each side with respect
to+. That is, for all flow graphsi, G € F,

A+G=A & (=0 & G+A=A.

Proof. If G = 0 then A+G = G+A = A. For the reverse implication, we appeal to Re-
mark 3.8, noting thatl+G = A impliesps + pc — 1 = p4 andgs + go = qa. Hencepg = 1
andgs = 0, soG = 0. An analogous argument shows tliat A = A impliesG = 0. O

We noteF* = F,’ for all n. Considering addition,
FotF, = (E+F) = (F,/+F,)) = Frpn.
Considering multiplication,

FoFy = F'F* = F,'F, = Fy,
F,F: = F'F, = F*
F,F, = F'F,=F.,

These observations are mirrored in the natural numbersiaxtbeanyn, m, we have that

n+m = —(—n+—m)
nm = (=n)(-m)
n(—m) = (—n)m = —(nm).

Thus, we suggest viewing thend* operations as two different kinds of “negation” on flow
graphs, considering,’ = F* to be different interpretations of the numbern. Following
this metaphor, the reversible flow grapfisand reflective flow graph®( have the property of
being isomorphic to their own negations. We shall see treabthavior of multiplication will
satisfy certain identities as long as the parameters lisideibf these two pathological sets, in
much the same way that certain multiplicative identitieglHor the natural numbers as long
as certain parameters are assumed to be nonzero.

We now consider the right multiplicative identity. Note thar any flow graphH, H = H1
andH' = H1'. Soif H is a reflective flow graph theH = H1’, hencel and1’ are both right
identities onH. The next lemma shows that df\ H, there is a unique right identity,

Lemma 3.18.Let G, H be non-trivial flow graphs witli- ¢ Z and H ¢ H. Then

HG=H & G=1. (5)

>The metaphor holds only up to a point, however, sincerfor- m > 0, we haveF,+F* # F, .
Cancellation is not witnessed between positive and “negatiow graphs.
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Proof. If G = 1thenHG = GH = H. For the reverse implication, we appeal to Lemma 3.10,
noting thatH G = H impliespg + qo(py — 2) = py andqryqe = qu- Hencegg = 1, pg = 2
and soG € {1,1' S, S7}. ButG cannot beS; or S} sinceG is not infinitesimal. Likewise(z
cannot bel’ sinceH1' = H' andH' # H sinceH ¢ H. It follows thatG = 1. O

We now turn to the existence of left identity. Note thatife 7, thenlH = H = H* =
1*H so bothl and1* are left identities on7. If H € {S, | n € N} thenS|H = H, so
both 1 and S, are left identities on{S,, | n € N}. If H € {S} | n € N} thenS{H =
H, so bothl and Sy are left identities on{S* | n € N}. The next lemma shows that on
F\(JU{S,|neN}U{S; |n e N}) thereis aunique left identity.

Lemma 3.19.Let G, H be non-trivial flow graphs witllf ¢ 7 andS,H # H andH # ST H.
Then

GH=H & G=1. (6)
Proof. If G = 1thenGH = H. For the reverse implication, we appeal to Lemma 3.10.

a. Supposé&’ € 7. ThenGH = H implies1 + gy (pe — 1) = py andqyqe = qu. Hence
gc = 1,s0G € {1,1*, Ry, 51, S7}. SinceG € Z, it cannot bel or 1*. Likewise, G
cannot beR, sinceGH = H impliesR,H = R,,, and soH = R,,, contradicting that
H ¢ J. Suppos&r = S; (or S7) thenGH = H implies thatl = S, (or H = 57 )
which contradicts the hypothesis H # H (or H # S} H). HenceG cannot be irf.

b. So now we considetr ¢ Z. ThenGH = H impliespy + qu(pc — 2) = py and
quqc = qu- Hencegg = 1 which impliesG € {1,1*, Ry, Sy, S7}. SinceG € Z, it must
bel or 1*. ButG cannot bel* sincel*H = H* andH* # H sinceH ¢ 7. It follows
thatG = 1.

3.6 Infinitesimals

The following observations motivate our choice of the témfimitesimalfor flow graphs whose
source and target vertices coincide.

Proposition 3.20. Let B and C' be non-trivial flow graphs. TheB+C' is infinitesimal, if and
only if both B andC' are infinitesimal.

Proof. If B (resp.C) is not infinitesimal therz # tp (resp.sc # tc), hencesg, ¢ # tp,c-
So B+C' is not infinitesimal.

If B andC are infinitesimal thesg = tg ands¢c = t¢ hencesg,¢c = tp,c. SOB+C'is
infinitesimal. O
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The next Proposition shows that with respect to multipiaat the set of infinitesimals
behaves, in some sense, like a prime ideal ingide

Proposition 3.21.LetG and H be non-trivial flow graphs, the@ H is infinitesimal if and only
if at least one of the two factors is infinitesimal.

Proof. If H or GG is infinitesimal, thensqy = tqp in GH andspg = tgg in HG. HenceGH
and HG are both infinitesimal.

On the other hand, suppo§eandH are non-trivial flow graphs that are both non-infinitesimal.
Thensgy # tey in GH and sy # tyg iIn HG. HenceGH and HG are both non-
infinitesimal. O

The reader may wish to compare the above Proposition witkréss (3) of Lemma 3.15
which showed tha{0} also behaves, in some sense, like a prime ideal inBidehe next two
propositions show thatl and.J behave like one-sided ideals f

Proposition 3.22. Let G be any flow graph and/ be a reflective flow graph. TheRH is a
reflective flow graph.

Proof. (GH)' = GH' = GH, sinceH = H'. O

Proposition 3.23. Let G be a reversible flow graph and be any flow graph. The@'H is a
reversible flow graph.

Proof. (GH)* = G*H = GH, sinceG = G*. O

3.7 Infinitesimalizing Unary Operators

It is also possible to define natural infinitesimalizing ynaperations on flow graphs. We
introduce the following:

Definition 3.24. Given a flow graph, define

e AT asthe graph4 with the target moved down to coincide with the source.
e A~ asthe graphA with the source moved up to coincide with the target.

e A° as the graphA with the source and target nodes identified.

The following identities are easy to verify:
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5. Idempotency: Given two operationsy € {+, —, o}:
(A*)Y = A”.
More generally: applying,~ or° to an infinitesimal has no effect, and= A° = At =

A~ ifand only if A is infinitesimal.

The infinitesimalizing operators interact nicely with theamny operations of (Definition
2.4) and* (Definition 2.7). The following identities are easy to vgrif

6. Commutativity of with any operatior: € {+, —, o}: (A*)* = (A4*)"
7. Interaction of with infinitesimalizing operations:
(A)F= A" =(A7)

(A)" = A* = (a"y
(A= a0 = (a0

8. Multiplicative definitions oft, — and°:
AT = A1t = AS,;

A= = Al = AS:
A° = Al° = AR,

9. Non-distributivity of ¥, ~ and° over addition and multiplication. Taking = B = F5,

one sees:
(A+B)" # At4B*
(A+B)” # A +B~
(A+B)° # A°4+B°
(AB)* # A*BT
(AB)™ # A B~
(AB)° # A°B°

10. Left-identities other thah on stars, anti-stars, and roses:

SkA = k1TA = Sk’\E'[GAH
RkA - k’loA = Rk\E[GAH
Takingk = 1 and A to be a star, anti-star, or rose (respectively), the abogatitles

show thatS;, S; and R, act as left identities on the set of stars, anti-stars, asdso
(respectively).
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4 QOrder

Given our representation of the natural numbeby the flow graphF,, in Definition 2.12,
comparing the order of two numbets andn, (as flow graphs) requires simply comparing the
lengths of the corresponding chain graghs and£,,,. To generalize this to all af, however,
we cannot refer to “length”. In what follows, we present twaspible interpretations &f in F.

To avoid confusion, we denote these distinct interpretatioy the symbols, and<—these
are referred to as the strong and induced orders respactivel

4.1 Strong Order <

We now define an ordering gA. Given two flow graphs! andB, informally, we say thatl< B
iff two copies ofG 4 appear inizz; one as a neighborhood ef and one as a neighborhood of
tg. The next definition makes this statement precise.

Definition 4.1 (Strong order) Given two flow graphsl = (G 4, sa,t4) andB = (Gg, $p, tB),
we sayA< B iff there are graph embeddin®ywhere¢, : G4 — Gz and¢, : G4 — G which
satisfyp,(sa) = sp and ¢y (ta) = tp.

Consider the comparison &% and F5 depicted in Figure 9; clearlys; < F5.

Figure 9: Standard strong ordering of natural numbers ésgmted as flow graphs).

The proof of the following lemma is immediate.

Lemma 4.2. Letm, n be natural numbers. Then< m < i(n)<i(m).

Figure 10 illustrates a more general example in which stanadgr is used to compare two
elements ofF which arenotgraphical natural numbers.

5These embeddings are merely directed graph embeddingsvilage need not be an induced subgraph of
Gp).
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Figure 10: General strong ordering of flow graphs.

The next Proposition follows immediately from Lemmas 3.3,733.13, 3.18, and 4.2.

Proposition 4.3.Under the embedding: n — F,,, the standard modeV" = (N, 0,1, <, +, x)
is a submodel of = (F)0, 1, <, +, x), where0 = F;,, 1 = Fj, and the relations+, x and<
reinterpret+, x and< insideF.

4.2 Induced Order <«

We now give an alternate ordering dn Given two flow graphsi and B, informally, we say
that A< B iff B can be transformed intd by a series of edge contractidnsThe next two
definitions make this statement precise.

Definition 4.4 (Edge contraction)Given a flow graphsi = (G4, s4,t4) and an edge: =
(u,v) € E[G4], the flow graphA/e is obtained fromA by deletinge in G4 and identifying
vertexu with v. If u or v was the source (resp. target) df, then the identified vertex ~ v
will be taken as the source (resp. target)4dfe.

The next two observations consider the effect of contrgctin edge: = (u, v) in a flow
graphA = (G4, Sa,ta).

Observation 4.5.|E[G 4/c]| = |E[G 4]|—1. If eis anon-loop edge thel [G 4 /.|| = |V [Ga]|—
1, if eis aloop edge thefV [G 4 /]| = |V[G A]|.

Definition 4.6. Let A = (G4, sa,t4) be a flow graph, wheré', = (V, E). Fix X C E and
define an equivalence relatiaRy on the vertices ol by taking(vy, v2) € Ry iff v; and v,
are in the same connected componentlofX). We defin&z/ Rx to be the graph obtained by
considering the quotient of the edge relatibrby the equivalence relatioRx. Note that the
vertex setof7/Rx is{[v] | v € V'}.

"The induced order was the outcome of discussions held wiese tiesults were presented at the City Univer-
sity of New York Logic Workshop, September 2004.
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Definition 4.7 (Induced order)Given two flow graphgl = (G 4, s4,t4) @andB = (G, sp, tB),
we sayA< B iff there is set of edge¥ C E[Gp| such thatB/Ry is isomorphic toA.

The proof of the following lemma is immediate.
Lemma 4.8. Letm, n be natural numbers. Then< m < i(n)<i(m).

Observation 4.9. Given two vertices, andv in V[G 4], the distance betweanandv in G\e
does not exceed the distance betweemdv in G.

There is no obvious relationship between induced order hadafforementioned strong
orders.

Figure 13 shows flow graph4 and B for which the strong order relationshifp< B holds.
However, sincels(sp,tg) = 1 andda(sa,ta) = 2, by Observation 4.9 no sequence of edge
contractions can transforid into A, and hencel < B.

In the reverse direction, let = Fi+R,+F, andB = F,+R;+F5. ThenA< B since each
F»; summand inB can be edge contracted to becofiie Note that4 contains a unique vertex
with a loop edge attached, and this vertex is at distdnftem s, andt¢4. In contrast, inB
there is a unique vertex with a loop edge attached, and thiewis at distance from sz and
tp. It follows thatA£ B.

The next Proposition follows from Lemmas 3.3, 3.17, 3.1383and 4.8.

Proposition 4.10. Under the embedding : n — F},, the standard modeV = (N, 0,1, <
,+, x) is a submodel of = (F,0,1, <, +, x), where0 = F,, 1 = F}, and the relationst,
x and< reinterpret+, x and < inside F.

The unary operations 6{Definition 2.4) andk (Definition 2.7) interact nicely with the two
orders< and<. The following assertions are easily verified.

AXB & A'XB A<B & AkB
AXB & A*xB* AKB & AB*
A<B = A'<B?" A<B = At<BT"
A<B = A <B~ A<KB = A «B~
A<B = A°xXDB° A<KB = Ak B°

The last three implications are not reversible, since:

o If A=F\, B=F;,thenAT<BT andAT<B" but A4B and A< B.
o If A=F,, B=F,,thenA"<xB~ andA~< B~ but A¥B and A« B.
o If A= Fy, B=F7, thenA°<xB° andA°<B° but A¥B and A« B.
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4.3 Other embeddings of\ into F

Propositions 4.3 and 4.10 show that the set of all graphiaairal numberd F,, | n € N}
induces a submodel ¢f that is isomorphic taV. There are other embeddings/gfinto 7. For
example, consider the set of rosRs (Definition 2.10). As a substructure of the flowgraphs,
these are isomorphic W/, sinceR,,.,, = R,+R,, = Rn+R,, andR,,, = R, R, = R,R,,

for all n, m, € N. Note thatR; is not a multiplicative identity on all af, but it is on the subset
of roses. Alternatively, we can embgd into the infinitesimals using either the statsor the
anti-starsS; (Definition 2.11). Let us define:

ipe:m — F
ip:mn — R,
itg:n +— S,
ig«:n — 8.

By carrying out a similar analysis for these functions, oae show that
Z'F*7Z'Ra7;572'5* : N — F

are embeddings of structures, and thus the submodels iddwyctheir images inF (i.e. set
of all anti-paths ), roses, stars, and anti-stars) are each isomorphic to toeahaumbers.
As we shall see, however, there are aesthetic advantagles toapping which represents the
natural number. by the flow graph¥,, (e.g. Proposition 5.12, pp. 25).

5 Properties of Flow Graphs

In this section we show that left-distributes over+ but does not right-distribute. We define
left and right divisibility of flow graphs, and show that rig8ivisibility distributes over+,
but left divisibility does not. We introduce the notion of arpe flow graph, and show that
the concepts of left-prime and right-prime coincide. Hwalve explore the properties and
relationships of the different orders, and describe theradtion between the orders introduced
in Section 4 and the operations-efand x.

5.1 Multiplicative Properties

Lemma 5.1 (Left-distributivity of x over+). For any flow graphsA, B, C,

C(A+B) = CA+CB
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Proof. Fix e € E[G¢a,p)]. Then defingdy(e) = Ac a,5(e). Note that3y(e) = (f, ¢'), where
fisanedgeirE |G| ande’ is an edge inE[G 4, |. Defines; : E[Ga,p] — E[Ga]U E[Gg|
so that

Tr~sgle) i eeIm(r <,,)

[y

Theng, o By mapsE|[Gc(a, p)] injectively into(E[G¢| x E[G4]) U(E|G¢] x E[Gg)). Define
(5 by taking

Al (e) if e € E[Go] x E[G 4]
Bale) = { Aci(e) i e € ElC] x E[Ca.

Thenp, maps(E[Gc| x E[G 4])U(E[Gc] x E[Gg]) into E[Gea]UE[G | injectively. Finally,
definess by taking

_ Ofoan sepl€) 1f €€ E[Goy]
Bsle) = { T en(e) 0 e E[Ges).
Theng; mapsE|[Gca) U E[Geg] injectively into E[G (¢4, (cr)]- The composite mags o 5, o
B1 o By maps the edges @f (A+B) injectively into the edges af' A+C'B, and is the desired
flow graph isomorphism demonstrating the claimed equality. O

Let A be the flow graph consisting of a directed cycle of lengjthking source and target
vertices to be any two distinct vertices on this cycle. Obsé¢hat(F;+F1)A = F>A, while
(F1A)+(F1A) = A+ A =2A = AF,. Referring to Figure 11, we see thaf, # F,A.

A A F
S t S t
F, KA

S t s t

Figure 11:(F1+F)A # AF+AF.

Lemma 5.2(Non Right-distributivity of multiplication over additiy). There exist flow graphs
A, B,andC,

(B+C)A +# BA+CA
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Remark 5.3 (Violation of left and right cancellation)Let B be non-reflective and! be re-
versible. Sinced is reversible,A = A*, so thenBA = BA* = B1*A = B’A. SinceB is
not reflective,B # B’ violating right cancellation. For example, taking = 1, we get that
1A=A=A"=1"A, butl # 1*.

If A be reflective, and3 be non-reversible. Sincé is reflective,A = A’, so thenAB =
A'B = A1'B = AB*. SinceB is not reversible,B # B* violating left cancellation. For
example, taking? = 1, we getthatdl = A = A’ = A1/, butl # 1'.

Definition 5.4. Given flow graphsi, B at least one of which is non-trivial, we defidg/ B as
the set of flow graphé&’ for which A = BC'. Analogously, we defing\ B as the set of flow
graphsC for which A = CB. If |[A/B| = 0 (resp. |A\B| = 0) then we say thatl is not
right-divisible (resp. not left-divisible by B. Note that the setd /B and A\ B may have size
bigger than one. For example, if = A*, thenA = 1*A = 1A, so A\ A contains bothl and
1*. If A= A’, thenA = A1’ = Al, soA/A contains bothl and1’. By convention, we say that
0/0 and0\0 are undefined.

Clearly if m andn are standard integers thet, is right-divisible by F;, iff F}, is left-
divisible by F, iff 3k € N for which F,,, = F,,F}, = F} F,, iff m is divisible byn.

We extend multiplication of flow graphs to multiplication séts of flow graphs in the
obvious way:

Definition 5.5. Given two nonempty sets of flow graptisnd B, we define
AxB={AB|Aec A B c B},
A¥B={A+B|Ac A BecB}.
Note that for all flow graphsA, C, if A/C # () then there exists a flow grapB such

that A/C O B/CxA/B as sets; simply tak& = C. In contrast, the next lemma concerns
cancellation in products:

Lemma 5.6. For all flow graphsA, B, C, if B/C # () and A/ B # () then

B/CxA/B C AJC.

Proof. Supposek, € B/C andK; € A/B. Then by Definition 5.4B = CK, and A =
BK;,, which impliesA = (CK,)K; which by by Lemma 3.11 impliesl = C(K,K;), SO
KyK, € A/C. Thus,B/CxA/C C A/C. O

Note that Lemma 5.6 is not an equality, that3gC'x A/ B need not equall/C even if
B/C # (0 andA/B # (). To see this, fixx > 3 odd, and takeé > 2, j = (n —1)/2 > 1, and
k =n. PutA = R;;,, B = R;; andC = R;. ThenA/C is the set of all flow graphs havinig:
edges, while3/C (resp. A/ B) is the set of all flow graphs having(resp. k) edges. Thus, to
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show that the inclusion in Lemma 5.6 is sometimes a propéusnm, it suffices to show that

not every flow graph havingk edges can be expressed as the product of two flow graphs which
have; andk edges, respectively. Take, for example, the flow gr&pibtained by considering
any tournamesiton n vertices, with distinct source and target. Since the nunobedges in
Gisn(n —1)/2 = jk, we know thatG is in A/C'. We claim thatG cannot be expressed as a
productH K whereH has; edges ands hask edges, i.e. thaf is notinB/C'x A/B. Suppose
towards contradiction that a factorizatich= H K was possible. Sincé was constructed to

be non-infinitesimal, by Proposition 3.21, bathand K must be non-infinitesimal. Then by
Lemma 3.10, we have that the number of vertigesd the number of edgesn H, K andG

are related by the expressipp + qx (py — 2) = pg, which in the specific setting becomes

pr +n(pg —2) = n. (7)

Examining equation (7) we see thapif < 2thenpx > n — 1 = qx — 1, violating thatK is
connected, and jf; > 3 thenpx < 0, violating thatK is a flow graph. It follows that no such
factorization ofG exists, and thus the inclusion in Lemma 5.6 is sometimesgrop

There is an analogous result to Lemma 5.6 concerning leisiility, namely for all flow
graphsA, B, C, if B\C # () andA\ B # 0 then

A\BxB\C C A\C (8)

It is unclear whether analogous examples can be constrtactdeinonstrate that the inclusion
in the left divisibility analogue (8) is proper. The authasnjecture that expression (8) is
actually an equality.

Lemma 5.7(Restricted distributivity of right-divisibility over-). For all flow graphsA, B, C,

A/B+C/B C (A+C)/B

Proof. Supposéy; € A/BandK, € C/B. Then by Definition 5.44 = BK; andC = BKs.
ThusA+C = (BK;)+(BK>) which by Lemma 5.1, i83( K+ K>). This implies that; + K
belongs tq A+C)/B contains . Thusl/B+C/B is contained i A+C)/B. O

To see that Lemma 5.7 is not necessarily an equality, thadt/i8+C/B is not equal to
(A+C) /B, consider the following example. Let = C' = F} andB = F,. SinceF|+F; =
F,F) it meansF, € (A + C)/B. Now F; cannot be ind/B+C/B since only possibility is
that ', = Fy+F, or Fy = Fi+Fy,andFyisnotinA/Bor A/C.

Observation 5.8(Non-distributivity of left-divisibility over+). Note that Lemma 5.2 can be
used to construct examples that demonstrate non-disivibuof left-divisibility over+. For
example, letB be a directed cycle of length with any two distinct vertices asz and .
TakeA = F,B. ThenF, € A\B. Now takeC' = B. ThenF; € C\B and sofy+F, =

8By tournament we mean a complete graph in which every twdoest, andv are connected bgitherthe
edge(u, v) or the edgdv, u).



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY x (2007), #Axx 24

Fy € A\B¥C\B. SinceA+C # F;B this means thaf,+F, = Fy ¢ (A+C)\B. Thus, the
example shows that for some B, andC, the set{ A\ B)+(C\ B) is not contained in the set
(A+C)\B.

In Lemma 3.16, we determined thatand 1’ are the only units in the set of flow graphs.
This motivates the following definition of a prime flow graph:

Definition 5.9. A flow graphA is calledprimeif A is neither trivial nor a unit, andd = BC
implies that eitheB or C'is a unit.

If we consider Definition 5.9 in the case whehis assumed to be non-infinitesimal, we
see thatB andC must both be non-infinitesimal and hentB|G ]| = 1 (resp.|E[G¢]| = 1)
implies thatB = 1 or 1’ (resp. C' = 1 or 1’). Accordingly, let us say a flow grapH is
right-primeif for all flow graphsB, A/ B # () implies one of the following hold:

RP1) B =1"andA* € A/B.
RP2) B =A"andl’ € A/B.
RP3) B=Aandl € A/B.
RP4) B=1landA € A/B.

Likewise, let us say that a flow graphis left-primeif for all flow graphsC', A\C # () implies
one of the following hold:

LP1) C = A*andl* € A\C.
LP2) C=1andA € A\C.
LP3) C =Aandl € A\C.
LP4) C=1andA € A\C.

Note that a natural numberis prime iff the non-infinitesimal flow graph;, is prime iff
F,, is right-prime iff F, is left-prime. More generally:

Lemma 5.10.Let A be a non-infinitesimal flow graph. Thehis right-prime iff A is left-prime.

Proof. SupposeA is right-prime. To show thatl is left-prime we must show that for all
flow graphsC, A\C # () implies that at least one of LP1-LP4 holds. SuppBse A\C; then

A = BC,and henc€& € A/B. SinceA is assumed to be right prime, we know that at least one
of RP1-RP4 holds foB. Suppose that RP1 holds. Thénh= 1* andA* = C' € A/B, which
implies LP1 holds. Similarly one can show that if Rfiblds, then LR holds (for: = 2, 3, 4).
Thus A is left-prime.

A similar argument shows that left-prime implies right+peg. O
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The previous lemma shows that the notions of prime, leftaprand right-prime coincide on
non-infinitesimals. However, an infinitesimal flow graph c@prime while being neither left-
prime nor right-prime. To see this, ldtbe any infinitesimal flow graph for whidi'[G 4]| > 1
and|E[G ]| is prime. Fix a vertex! € V[G 4], for whicht" # s4,t4, and takeA' to be the
flow graph(G 4, s4,t"). ThenA'S; = A, so A is neither left-prime, nor right prime. But is
prime, since by Lemma 3.10, any factorization/into a productBC must satisfy E'[G 4]| =
|E[GA]| - |E|G 4]|- Indeed, any flow graph with a prime number of edges is nedgsagrime
flow graph.

Definition 5.11. Given a set of flow graphS C F', we say thatd is centralin S'if A € S and
for all flow graphsB € S, we have thal B = BA. The set of all flow graphs that are central
in S is denoted a%/ (.5).

Proposition 5.12. Z(F') = {0, 1}.

Proof. SupposeA is central. ThendS; = S;A. SinceAS; = AT and S| A = S|E[G A 1T
follows that A™ is a star, and thusl (viewed as a directed graph) is also a star. This implies
that A* (viewed as a directed graph) is an antistar. SiAds central, A1* = 1*A; but A1* =

Al = A’and1*A = A*. ThusA’ = A*. S0 A’ (viewed as a directed graph) is also an antistar.
This meansA as directed graph is a star with in-degre€en A equal to out-degrée) in A and
in-degreét) in A equal to out-degrée) in A. It follows that A has at most one edge. But this
is possible if and only ifA is 0 or 1. O

5.2 Order Properties

In this section we explore the relationship between stradgr(denotedk), and induced order
(denoted«). While these orders coincide on the graphical natural rens)lonly induced order
Is anti-symmetric on all ofF, and only the strong order and induced order are transitive.
consider several standard laws that govern the relatipnséiween<, + and x in A/, and
show that these laws continue to hold for induced okgebut several are violated under the
strong and induced orders.

5.2.1 Strong Order=

We begin by describing the propertiesBfunder the strong order.

Lemma 5.13(Strong Order Preservatianiror flow graphsA, B, C, if AXB thenCA<CB.

Proof. Let A = (G4, Sa,ta), B = (Gp,sp,tg). SinceA<B there are graph embeddings
¢s : Ga — Gpand¢, : G4 — Gp which satisfyps(sa) = sp and¢y(ta) = tp. Define
¥ : B[Ge] x E[Ga] — E[Gc] x E[Gg] by

(fie) = (f:dsle)).
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Then the composite map

c . Ac,a Vs Ao
q)s . E[GcA] . E[Gc] X E[GA] . E[Gc] X E[GB] N E[GBc]

defines an embedding 6f- 4 — G Which takess¢ 4 to s¢g. An analogous construction can
be carried out to produce a m@ﬁ which embeds$:-4 — Gcg and sends$q 4 to 5. O

Lemma 5.14(Strong Order Violations) There exist flow graphd, B andC for which AxB
but:

(i) A+C #£ B+C
(i) C+A £ C+B
(iii) AC £ BC.

Proof. See Figure 12. O

t C+ A C+B
c s s t
t
:
s ;
? AC BC
t
t

Figure 12: Strong order violations: (IA-+CAB+C, (ii). C+ALC+B, and (iii). ACZBC.

We consider possible anti-symmetry gf SupposeA<B and B A. There is a graph
embeddingy; : G4 — Gp which satisfies)s(s4) = sp. Hence|V[G4]| = |V[ps(Ga)]| <
[VIGg]| and |E[G ]| = |E[¢s(Ga)]| < |E[GB]|. SinceB<A, there is a graph embedding
Vs : Gp — G4 which satisfieg)s(sg) = sa. So|V[Gg]| = |V[vs(Gg)]| < |[V[G4]| and
|E[GB]| = |E[Ys(G)]| < |E[G4]]. It follows that¢, is actually an isomorphism frorty 4
to G satisfying¢s(sa) = sp. A similar argument shows that there is an isomorphigm
from G 4 to G'p satisfyinge,(t4) = tg. To conclude thatl = B requires a single flow graph
isomorphismr from A to B, satisfyingbothw(s,4) = sg andn(t4) = t5. Indeed in some
cases, no such isomorphism may exist.
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Example 5.15.Let G 4 be a directed cycle of length and takes 4, t4 to be any two vertices
in V[G 4] that are distance apart. PutG g isomorphic toG 4, takingsg, ¢ to be two vertices
in V[Gp| that are distancel apart. Then it is easy to verify thdtG 4, s4,t4) = A<B =
(Gg,sp,tp) and B A. Clearly, howeverA # B as flow graphs (see Figure 13).

t

S S t

Figure 13: An example which demonstrates that the strongraschot antisymmetric.

The previous example proves the next lemma.

Lemma 5.16 (Non-antisymmetry of strong ordex). There exist flow graphsl and B for
which

A<Band BAbutA # B.
Lemma 5.17(Transitivity of strong ordek). For all flow graphsA, B, C

A< B and BxC impliesA<C.

Proof. AXB: i.e. there are graph embeddings: G4 — Gp and¢; : G4 — Gp which
satisfyps(sa) = sp ande,(ta) = tg. BXC': i.e. there are graph embeddings: Gz — G¢
andd; : Gg — G¢ which satisfyd,(sg) = s¢c andf,(tg) = to. We want to showA<C: i.e.
there are graph embeddings : G4 — G¢ anday : G4 — G¢ which satisfya,(sa) = sc
andoy(ta) = te. Putag = 05 0 ¢ anday = 0; o ¢y. O

5.2.2 Induced Order«

We now investigate the properties funder the induced order.

First, note that since flow graphs are connected directephgrahen any flow graphl
satisfied) < A.

Lemma 5.18(Induced Order Preservatianfor flow graphsA, B, C, if A< B then

)  A+C < B+C
(i) C+A <« C+B

) CA <« (OB

) AC < BC.
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Proof. (i, ii) Since A< B, edges ofB can be contracted to yield. When this sequence of
contractions is applied tB+C, it yields A+C'. When this sequence of contractions is applied
to C+B, ityieldsC'+A.

(iii, iv) The flow graphCB is obtained by replacing each edgen B with a graphC.,
that is isomorphic t@'. SinceA< B, there is a sequence of edggse,, . . ., ¢, for which the
sequence3, = B, B; = B;_1/e; (fori = 1,2,... k), ends withB,, = A. We shall contract
C'B in phases, where at phasewe collapse’,, to a point. This is possible sinée<C. At
the end of this process; B has been transformed infvA. The argument which shows (iv) is
entirely analogous. O

Lemma 5.19(Antisymmetry of induced ordex). For all flow graphsA and B

A< BandBg<«A < A= B.

Proof. SinceA< B, |E[G4]| < |E[Gg]| and sinceB< A, |E[Gg]| < |E[G 4]. It follows that
|E|Gg]| = |E[G4]|. It follows that no edge contractions are required to trarmsfB into A,
henceA and B are isomorphic as flow graphs. O

Lemma 5.20(Transitivity of induced orde). For all flow graphsA, B, C

A< B and B«C impliesA<C.

Proof. If some sequence of edge contractions transfarhmgo B, and some sequence of edge
contractions transformB into A, then the concatenation of these two sequences demosstrate
thatA<C. O

5.2.3 Summary of Order Properties

Table 1 summarizes properties of the strepgnd induced< orders (when substituted fer).
Note that the induced order satisfies all listed properttesiigh the significance of this fact
should perhaps be mitigated by the fact that both=thend empty relation also satisfy all the
properties on the list.

6 Conclusions and Future Work

Our future research will consider the structural propertéflow graphs and descril¥éh(F),
including for restricted subsets 6f that can be defined in terms of structural constraints, e.g.
the set of all trees, directed acyclic graphs, etc.

Some questions we are presently considering are listeavbelo
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Properties Strong Order| Induced Order
== =K
A< B = (AC) < (BC) False True
A< B = (CA)< (CB) True True
A< B = (A+C) < (B+C) False True
A< B = (C+A) < (C+DB) False True
A<BandB<A=— A=2B False True
A<BandB<(C = A<C True True

Table 1: Properties of under strong and induced orders.

i. Characterizet-commuting pairs, i.e. under what conditions on flow graphand B
doesA+B = B+A?

ii. Graph-+-Irreducible Decomposition Conjectur&very flow graph is uniquely express-
ible (up to well-defined reordering) as the sumiefrreducible flow graphs.

iii. Characterize pairs which commute with respect to nmlikation, i.e. under what condi-
tions on flow graphs! and B doesAB = BA?

iv. Graph Prime Factorization ConjectureEvery flow graph is uniquely expressible (up
to some well-defined reordering and application of unarycttiral operators) as the
product of prime flow graphs.
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