Graphic Arithmetic II:
+ Irreducibility, Canonical Decompositions and Cancellation Laws

Bilal Khan
Department of Mathematics and Computer Science,
John Jay College of Criminal Justice, City University of New York,
New York, NY 10019, USA.
bkhan@ijjay.cuny.edu

Kiran R. Bhutani
Department of Mathematics,
The Catholic University of America, Washington DC 20064, USA.
bhutani@cua.edu

Abstract

In this paper, we continue with our investigation of natural arithmetic properties on the set
of all flow graphs, that is, the set of all finite directed connected multigraphs having a pair of
distinguished vertices( see [1]). We introduce a graph operation called *-Deletion and study
some of its properties. This leads to a notion of splitting vertex and w-Splitting of a flow graph.
We study some properties of splitting vertices in a flow graph and show that a flow graph is
reducibile if and only if it has a splitting vertex. We define a concept of splitting vertex ranking
and use it to develop a theory of canonical + decompositions.

1 Introduction

In [1], we generalized classical arithmetic defined over the natural nuriberg0, 1,2, ...},

to the setF’ consisting of allflow graphs finite directed connected multigraphsn which a

pair of distinguished vertices is designated assth@ceandtargetvertex. The proposed model
exhibits the property that the natural numbers appear as a submodel, with the directed path of
length n playing the role of the standard integer n. We discussed basic features including
associativity, distributivity, and various identities relating the order relation to addition and
multiplication.

In this section, we review some definitions and results from [1].

Definition 1.1 (Flow graph) We define dlow graph A to be a triple(G 4, s4,t4), WwhereG 4
is a finite? directed connected multigraph and, ¢, € V|G 4] are called thesourceand the

!By multigraph we mean graphs in which parallel and loop edges are permitted.
2In this paper, we focus on finite flow graphs, although many of our results continue to hold in formulation
which considers infinite flow graphs as well.



targetvertex ofA, respectively. The set of all flow graphs is denatedrhe unique flow graph
for which |V [G ]| = 1 and|E[G 4]| = 0 is calledthe trivial flow graph all other flow graphs
are considerechon-trivial. Given two flow graphsl = (G4, s4,t4) and B = (Gp, sg,tp), a
map¢ : A — B is said tocopy A into B if (as a graph embedding) mapsG 4 injectively into
G and additionally satisfie®(s4) = sg, ¢(t4) = tp. Flow graphsA and B are considered
isomorphic if there is an injective morphisin A — B for whichIm(¢) = B.

In considering multigraphs with loops, we say that two edges= (u;,v;) ande; =
(uz,v9) areparallel if {uy,v1} = {us, v} are equahbs sets An edgee = (u,v) is called a
loop edgef v andwv coincide.

Definition 1.2 (Trivial flow graph) A flow graphA = (G4, sa,t4) is calledthe trivial flow
graphif |V [G4]| = 1 and|E[G 4]| = 0. All other flow graphs are consideraun-trivial.

Definition 1.3. Given any flow grapt, let A’ be the flow graph obtained by swapping the
source and the target of.

Definition 1.4 (Reflective flow graphs)A flow graphA = (G 4, sa, t4) is called anreflective
flow graph ifA = A’. The set of all reflective flow graphs is denotéd

Definition 1.5 (Infinitesimal flow graphs)A flow graphA = (G4, sa,t4) is called aninfin-
itesimalflow graph ifs, = t4. The set of all infinitesimal flow graphs is denotéd Note

that an infinitesimal flow graph is necessarily reflective. The converse is false as the reflective
example in Figure 1 shows.
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Figure 1: A non-infinitesimal flow graph K.

Definition 1.6. Given any flow grapk, let A* be the flow graph obtained by reversing all the
arrows of A.

Definition 1.7 (Reversible flow graphs)A flow graphA = (G 4, sa,t4) is called areversible
flow graph if A = A*. The set of all reversible flow graphs is denot@d Note that if for all
verticesu, v in V4 we havei(u,v) = §(v, u), thenA is necessarily reversible. The converse is
false as the reversible example in Figure 2 shows.

Definition 1.8 (Self-conjugate flow graphsA flow graphA = (G4, sa,t4) is called anself-
conjugaté flow graph ifA = A™ = A",

3The motivation for the terrself-conjugatevill be clarified later, in item 4 of Sectio®?.



Figure 2: A flow graph in7 having a non-symmetric adjacency matrix.

The set of all self-conjugate flow graphs is denotédNote that if a flow graph is both
reflective and reversible, it is necessarily self-conjugate. The converse is false as the self-
conjugate example in Figure 3 shows.

Definition 1.9. Therosewith n petalsis defined to be the infinitesimal flow graph having
one vertex ana loop edges. Rosd3,, R,, R3 are shown in the bottom left panel of Figure 4.

Definition 1.10. Thestar (antistar) with n edgeds defined to be the infinitesimal flow graph
Sy (S7) havingn + 1 verticesvy, vs, . .., v, andu = s = t, with n edges fromu to v; (v; to )

for eachi = 1,...,n. StarsS;, S, and S; are shown in the bottom center panel of Figure 4,
while anti-starsSy, S5 and.S; are shown on the bottom right panel.

Definition 1.11 (Graphical natural number)NVe represent the natural numberas a directed
chain of lengthn, havingn + 1 vertices. More formally, leP, be a directed chain of lengti

(havingn + 1 vertices) where each vertex has in-degteé and out-degrees 1. Denote by,

the unique vertex i, having in-degred), and lett,, be the unique vertex i, having out-
degree0. The flow graph¥,, = (P,, s,, t,) is referredthe graphic natural number. Define
the mapi : N — F as

i:n — F,.

We denotdj as0 and F; as1. Graphical natural number$’, F, and F; are shown in the top
left panel of Figure 4.
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Figure 3: A flow graph inC that is neither reflective nor reversible.
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Figure 4. Some examples of special flow graphs: the graphical natural numbéis F3, the
anti-pathsFy, Fy, F;, the rosesky, Rs, Rs, the starsS;, S,, S5, and the anti-starS;, S5, S;.



1.1 Addition

We briefly review the operation of addition on Flow graphs as introduced in [1]. We begin by
recalling the following "Vertex gluing” operation on directed multigraphs:

Definition 1.12 (Vertex gluing of directed graphsiGiven directed graphgs; and G5, and
verticesu; € V[G1], ux € V]G,], we define

Gi + Gy = (GiUGs)/(un = up)
to be the graph obtained by taking disjoint copieg:efand G, and identifying vertex; in G,
with vertexus in GG5. Note the obvious and natural graph embeddings
o G — G+ Gy (1)

uRU

+ .
Tulqu'GQ — G1 + GQ..

Now we can define addition of flow graphs:

Definition 1.13. Given two flow graphsl = (G 4, sa,t4) andB = (G, sp, tg), we define

A+B £ (Ga + Gp,sa,tp).

tAQ‘SB
Since A and B are connected, it follows that+B is connected. This leads in a natural
way to addition of flow graphs:

Definition 1.14. Given two flow graphsl = (G 4, sa,t4) andB = (G, sp, tg), we define

A+B £ (Ga + Gp,sa,tp).

ta=sp

An example of such an addition is shown in Figure 5.

Remark 1.15. Note that ifA is a flow graph withp 4 vertices and;4 edges, and is a flow
graph withpp vertices and;z edges, thesl+ B is a flow graph having 4 + pg — 1 vertices
andq, + gp edges.

Lemma 1.16. Letm, n be natural numbers. Theitn + m) = i(n)+i(m).

Lemma 1.17.(See [1]) 0 £ F; is the unique two-sided identity with respectitoThat is, for
all flow graphsA, G € F,

A+G=A & G=0 & G+A=A.



A ® B

s t
A®B A®B

Figure 5: General addition of flow graphs.
Definition 1.18 (Scalar multiplication of flow graphs)Given a flow graph4, and a positive
natural numbetrt in N, we define left scalar multiplication inductively as follows:

1A = A
kA = (k—1)A+A.

Right scalar multiplication is defined analogously. However, as we will-$d8,associative,
and so the two notions coincide. We shall subsequently consider only left scalar multiplication
by integer scalars.

One can check thdt+ R, # R;+1. Thus we obtain

Lemma 1.19. The operationt is not commutative.

1.2 Multiplication

In this section, we recall from [1], multiplication itF which generalizes multiplication of
natural numbers. In doing this, we must respect the fact that for each pair of natural numbers
n1, no, the following identity holds inV:

No+ng+---+ng=mneg=n+n;+---+ny.
~

v ~
n1 times no times

So, in particular, the definition of iff must satisfy

Tlan2 = Fann2 = ang. (2)

For example, the multiplication of graphical natural numbEysand F; is illustrated in
Figure 6.



Figure 6: Standard multiplication of natural numbergfirfrepresented as flow graphs).

Definition 1.20. Let A = (G 4, sa,ta) and B = (Gp, sp, tg) be any two flow graphs. We de-
fine an equivalence relationz onV, x Eg, as follows: Given vertices,, u, in V4, and edges
e1 = (v1,wy) andey = (v, wy) IN Ep, let (uy, (v1,w1)) ~gr (ug, (v, ws)) iff the following
holds: whenever; is the source (target) and, is the source (target) then (respectively) the
tail (head) ofe; coincides with the tail (head) ef, in B. Then~y is an equivalence relation.

We define the flow grapAB = (Gag, Sap,tap) as follows. LetG, g = (Vap, Eap),
whereVyp = (V4 X Eg)/ ~g and((uy, e1), (ug, e2)) € Eap if (ug,us) € E4 ande; = ey in
Ep. Definesap = (sa X €)/ ~r Wheree = (sp,w) foranyw € Vg andtap = (ta X €)/ ~g
wheree = (v,tp) for anyv € Vp.

Since A and B are connected, it follows that B is connected. An example of such a
multiplication operation is shown in Figure 7.

Remark 1.21. Let A be a flow graph wittp, vertices and;, edges, and3 be a flow graph
havingpg vertices andjz edges. Therd B hasq gz edges. IfA is either trivial or infinitesimal
then AB has1 + ¢gg(pa — 1) vertices. IfA is non-trivial and non-infinitesimal theA B has
ps + qp(pa — 2) vertices.

The next lemma follows immediately from Definitions 1.11 and 1.20.

Lemma 1.22. Letm, n be natural numbers. Theilin x m) = i(n)i(m).

The next Lemma shows th#& has no members which behave like zero divisors.

Lemma 1.23.(See [1]) Given flow graph& and H:

GH=0 & H=0 or G=0. 3)
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Figure 7. General multiplication of flow graphs.

One can check thak; F;, # F;R;. Thus we obtain
Lemma 1.24. The operation is not commutative.
Lemma 1.25. (See [1]) IfG and H are both non-trivial and non-infinitesimal, then

HG=H & G=1, )
GH=H < G=1.

Definition 1.26 (Scalar exponentiation of flow graphs}iven a flow graph4, and a positive
natural numbert in N, we define right-exponentiation inductively as follows:

Al = A
AP = A4
Left-exponentiation is defined analogously. However, as we will see shortly, is associative,

and so the two notions coincide. We shall subsequently consider only right-exponentiation by
integer scalars.



1.3 Infinitesimals

The following observations motivate our choice of the temfimitesimalfor flow graphs whose
source and target vertices coincide.
Proposition 1.27. (See [1]) LetB and C' be non-trivial flow graphs. TheB+C'is infinitesi-
mal, if and only if bothB and C' are infinitesimal.

The next Proposition shows that with respect to multiplication, the set of infinitesimals
behaves, in some sense, like a prime ideal ingide
Proposition 1.28. (See [1]) LetG and H be non-trivial flow graphs, thetwr H and HG are

infinitesimal if and only if at least one of the two factors is infinitesimal.

The reader may wish to compare the above Proposition with assertion (3) of Lemma 1.23
which showed thaf0} also behaves, in some sense, like a prime ideal inSide

2 Results

We begin by considering properties #fin Section 2.1. We prove that every flow graph is
canonically decomposable as a sum of irreducibles and using this canonical decomposition,
we deduce left and right cancellation laws fer

2.1 Additive Properties

We now define the concept efirreducibile.

Definition 2.1 (+Irreducible) A flow graphA is called +reducibleif there exist non-trivial
flow graphsB, C, such thatd = B+C'. Otherwise A is called—+irreducible.

We would like to obtain a graph-theoretic characterizatiosiofeducibility. Towards this,
we introduce the following graph operation calledeletion.

Definition 2.2 (x-Deletion of a vertex)Let G = (V, E) be directed connected multigraph
and letw be a vertex inl”. We defineg~\ ,w to be the graph with componenty, .. ., C;;(
obtained by the following process:

w)?

(1) For each non-loop directed edge= (w, u) incident tow, we introduce a vertex., and
replace the edge with the directed edgéw, v.) and a loop(v., ).
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(2) For each non-loop directed edge= (u,w) incident tow, we introduce a vertex., and
replace the edge with the directed edges:, v.) and (v, w).

(3) For each directed loog = (w,w) we introduce a vertex., and replace the directed
loop e with directed edgeéw, v.) and a loop(v,, ve).

(4) Deletew and all incident edges. Denote the collection of connected componentsiafter
is deleted, ag’), . . ., Ci(w)-

(5) Let P be the set of all vertices added in steps (1-3). Two verticeandv,, in P are
said to berelated byR,, if they lie in the same componefitfor someiin {1,..., k(w)}.
Clearly this defines an equivalence relation Bnlin step 5, we identify all vertices that
are R,,-related.

The resulting collection of connected components is der@ed . , Cy . The set of vertices
obtained in step 5 is denoted/ R,,, and is indexedw;, wa, . . . , Wk(w) } SO thatw; lies in Cf
fori=1,... k(w).

Two examples ok-deletion are depicted ithe first four stagesf the process shown in
Figures 8 and 9 on pages 11 and 15 respectively.

Lemma 2.3. Letw be a vertex in a directed connected multigra@h= (V, E). ThenG\,.w =
G if and only ifw is not a cut vertekin G.

Proof. If w is not a cut vertex thekh(w) = 1 and following the constructiony; replacesw
in G\.w = G. If wis a cut vertex thet(w) > 1. SinceG is connected and\.w is not, it
follows thatG\.,w # G. O

We now introduce the flow graph analogue of the classical notion of a cut vertex.
Definition 2.4 (Splitting vertex of a flow graph)We say thato is a splitting vertexfor a flow
graph A = (G4, sa, ta), if one of the following holds:

() w # sa, w #ta, ands, andt 4 lie in distinct components @f\ . w.
(I) w = s4 orw =ty (or both), andG\ ,w contains at least two non-trivial components.

Remark 2.5. In light of Lemma 2.3 and Definition 2.4, we observe thati$ a splitting vertex
in a flow graphA = (G 4, sa, ta) thenw is a cut vertex in the grapty 4. The converse is false,
however, since not every cut vertexdn is a splitting vertex inA. A concrete example is seen
in the flow graphA of Figure 5 on page 6, wherd contains two cut vertices fak 4, both of
which are at distancé from¢t 4 but only one of which is a splitting vertex far.

4By cut vertex, we mean a vertex whose deletion results in at least two non-trivial components.
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Figure 8: Thew-splitting of a non-infinitesimal flow grapH resulting in a non-trivial splitting.



12

We introduce additional structure on the components produced pletetion of a split-
ting vertex from a flow graph.

Definition 2.6 (w-Splitting of a flow graph) Let A be a flow graph andv a splitting vertex

for A. Considering the components df,w, denotedC?, . .. ,C;;(w), we define flow graphs
Al AR asfollows. Foreachi = 1, ... k(w):
‘ (CF,sa,w;) ifsq € VI[CY]
A, = (CF wg, ty) ifta € V[CT] (5)
(CF,w;,w;) otherwise.

We distinguish (at most) two members of the{sg, . .. ,Aﬁ(w)}

. [ AL saeV[C]
Aw = {o Vi {L,.... k(w)}, s £ VIC] ©)

w

A 0 i Vie{l,... kw)} ts & V[C] )

w

_ { Al ity € V[CY]

The remaining members of the get’ .. .. ,Ai(w)} are collected as follows. Let

€w = {ilsa,ta g VIC]} (8)
€ _ i€ew A’L Ew ;é @
A, = { 0 otherwise. ©)

The triple of flow graphg$A? , A<, At ) is called thew-splitting of A.

The final two stagesn Figures 8 and 9 depict the transformation 4f,w into the w-
splitting of A.
Lemma 2.7. Let A be a flow graph andb a splitting vertex forA.

Ay =0 = spg=w
AZJZO = tg=w

Proof. If A3 = 0, then by expression (6}, ¢ V|[C}] foralliin {1,..., k(w)}, SOow must
be s4, since this is the only vertex that is eliminated in the processdnéletion. A similar
argument holds for the case whdf) = 0 showing that , = w. [

The next Remark follows from the definition of the splitting process.
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Remark 2.8. If a flow graphA = (G 4, sa,t4) has a splitting vertexv, then

A = +io
= A5+ (Fice, A) A,
= AS+AS+A.

Lemma 2.9. For eachi = 1,.. ., k(w), the flow graphA?, is non-trivial.
Proof. In stepsl — 4 in the construction o7\ ,w (see Definition 2.2), no componefi can

have fewer tharl edge. Since” is obtained by identifying vertices i@, no C; can have
fewer thanl edge. O

Definition 2.10. A splitting of the form(0, A, 0) is called atrivial splitting.

Remark 2.11. If A is irreducible, then A has a trivial splitting. But conversely is false as the
next example shows.

Example 2.12. A flow graph may contain splitting vertex and yet only possess trivia-
splittings. Consider, for example, the unique verteix the flow graph

A= Si+Ri+S;+(F3Ry)

shown in Figure 9. Clearlyy is a splitting vertex, but the-splitting of R, is (0, A, 0).

The next lemma shows that the phenomenon exhibited by the previous example is present
in all infinitesimal flow graphs which possess a splitting vertex.

Lemma 2.13. Let A be an infinitesimal flow graph with splitting vertex Then

(i) w necessarily coincides withy = t4, and|e,| > 2.

(i) thew-splitting of A is the trivial splitting(0, AS,,0), whereAS, = A.

Proof. If A is infinitesimals, = t4, sow must satisfy condition (II) of Definition 2.4. Thus,

w = sy = ty andG\,w has at least two non-trivial components, completing the proof of
assertion (i). Since stepin the construction of7\ .w (see Definition 2.2) requires deleting

no componen’’ containsw = s4 = t4. It follows from expressions (6) and (7) in Definition
2.6 thatA = A’ = 0. By Remark 2.84 = 0+ A¢,+0, and hencel{, = A. This proves the
second assertion. O

Of course, Lemma 2.13 does not apply to every infinitesimal flow graph, since not every
infinitesimal flow graph has a splitting vertex. For examgleRz, has no splitting vertex. We
shall see later that if aon-infinitesimaflow graph has a splitting vertex then it must possess a
non-trivial splitting.
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Lemma 2.14. Let A be an arbitrary flow graph with splitting vertex. Then

(i) Foreachi € ¢,, the flow graphs{’, is non-trivial, infinitesimal and contains no splitting
vertices.

(i) A¢ is infinitesimal.
(iii) A3 and Al are either trivial or not infinitesimal.

(iv) No two adjacent elements in the trigld? , A< A! ) are trivial.

Proof. (i) If ¢, = () the statement is vacuously true, so we may asslapie> 1. For each
i € €, (see expression (8) in Definition 2.8), is non-trivial (by Remark 2.9) and infinitesimal
(by expression (5) of Definition 2.6). Now i, (for i € ¢,) contains a splitting vertex, then
by part (i) of Lemma 2.13, the splitting vertex mustdg= s.: = t4: . Butw; (in Cy) is the
identification of a set of vertices (in tle®nnected grapld’;). Hencew; is not a cut vertex in
Ct, and therefored!, contains no splitting vertex.

(if) By expression (9) of Definition 2.64¢, is either trivial, or it is the sum of flow graphs
that are infinitesimal, by part (i). Since the sum of infinitesimals is infinitesimal, the result
follows.

(iii) If A3 trivial, then we are done. Iff$, is non-trivial, thenAs = A’ for somei in
{1,...,k(w)}, withs4 € V[C}]. Sinces, # w; € V[C;] andw is a splitting vertex, Definition
2.4 impliess 4 # t4. ThusA is not infinitesimal. The proof fox!, is analogous.

(iv) Sincew is a splitting vertex of4, it satisfies condition (I) or (II) of Definition 2.4. If
w satisfies (1), thers, andt 4 lie in different components of/\.w and by Remark 2.942
and A, are both non-trivial. On the other hand,uif satisfies (Il) thenv = s4, orw = t4,
or both—hence eitheA!, = 0, or A5 = 0, or both. But since7\,w contains at least two
non-trivial components, it follows that,,| > 1, and henced¢, # 0. O

The next Lemma provides a graph-theoretic characterizatiariafeducibility.

Lemma 2.15(+Irreducibility Lemma) A flow graphA = (G4, sa,ta) is +reducible if and
only if A has a splitting vertex.

Proof. (=) Supposed = B+C. Then, takev = o} .. (t5) = 7 ~..(5c) to be the vertex in
G 4 obtained in identifying g with s¢.

If B is not infinitesimal, thenv = ¢t # sg = s4, SO it follows thats, is in some
componentd? (foriin{1,2,3,---, k(w)}); henceA: # 0. By a similar argument, i€ is not
infinitesimal then 4 is in some component’, (for i in {1,2,3,--- , k(w)}); henceA!, # 0.
If B andC are both non-infinitesimal, them # s4, w # t4, ands, andt, lie in distinct
components of7\ ,w. Sow is a splitting vertex by case (l) of Definition 2.4.
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Figure 9: Thew-splitting of an infinitesimal flow grapH, yielding a trivial splitting.
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If B is infinitesimal, then sincev = tz = s = s4, it follows thats, is not in any
componentd’, (foriin {1,2,3,---,k(w)}); henceAs = 0 and by part (iv) of Lemma 2.14,
A¢ = 0. By a similar argument, it is infinitesimal thenA!, = 0 and A5, # 0. If B
is infinitesimal andC' is non-infinitesimal, them¢, # 0 and A, # 0 are two non-trivial
components inG\,w. If B is non-infinitesimal and” is infinitesimal, thend: # 0 and
A, # 0 are two non-trivial components i\ .w. If both B andC' are infinitesimal them is
infinitesimal also, so by part (i) of Lemma 2.13,| > 2, and{A’ | i € ¢,} contributes at
least two non-trivial components &\ ,w. In all these cases, is a splitting vertex by case (1)
of Definition 2.4.

(<) Supposed has a splitting vertexo. ThenA = A3 +A¢ + Al | If w satisfies case (1) of
Definition 2.4, then taking3 = A% andC = A{+A!, we can express as the sum of two
flow graphs which are each non-trivial (by part (iv) of Lemma 2.14). TAus +reducible.

If w satisfies case (ll) of Definition 2.4, then eithéf, is trivial or A: or both. If only
As s trivial, then takingB = A¢ andC = A!, we can express! as the sum of two flow
graphs which are each non-trivial (by part (iv) of Lemma 2.14). If oAly is trivial, then
taking B = A3 andC = A, we can expresd as the sum of two flow graphs which are each
non-trivial (by part (iv) of Lemma 2.14). If botl? and A’ are trivial, thenA is infinitesimal
and by part (i) of Lemma 2.13¢,| > 2. We can therefore partition, = €. U ¢2, taking
B = 4,0 Al andC = +,.. Al, thereby expressingl as the sum of two flow graphs
which are each non-trivial (by part (i) of Lemma 2.14). In all cases, we have shbven
+reducible. ]

Definition 2.16 (Splitting vertex ranking) Given flow graphA = (G4, sa,ta), let x(A) C
V[G 4] be the set of all splitting vertices fot. We define the-rankingand¢-rankingfunctions
rd rd x(A) — N as follows:

ri(w) = |V[Ga ] nx(A),
rit(w) = [V[Ga] N x(A)].
When it is clear from the context, we denetéw) = r4(w) andr,(w) = ri(w).

Lemma 2.17.Letw € x(A) be a splitting vertex for flow grapA = (G 4, s4,t4). Then for
all u € V{Gas | N x(A):

rs(u) < rs(w),

);

S

re(u) >y
and for allu € V[G 4] N x(A):
rs(u) > ry(w),
r(u) < r(w).
Proof. First, note that for any, in (V[G 45 )] U V[G 4t ]) N x(A)
rs(u) +ri(u) +1 = [x(A)] (10)
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Now if u € V[Gas] N x(A), then sincew € (V[Ga|\V[Ga]) N x(A), it follows that
VIGa] € V[Ga:]. Butthenr,(w) < r(u). By expression 10 above(w) > r,(u). The
proof for the case when € V|G 4. | N x(A) is analogous. O

Lemma 2.18. Given a flow grapt = (G 4, sa,ta), foreachi = 0,1,...,|x(A)| — 1 thereis
a unique vertex; in x(A) with the property that(v;) = .

Proof. Given two distinct vertices, v" in x(A), eitherv € V[G4: ] orv € V[Gy |. In the
latter circumstancey’ € V[G 4] so it follows from Lemma 2.17 that,(v) # rs(vv’). Base
case:i = 0. Letw, be any vertex ing(A). If r,(wo) > 0, thenV[G 45 |Nx(A) is not empty. So
let w; be any vertex i/ [G 45 ] N x(A). By Lemma 2.177,(w:) < rs(wo). Repeating in this
fashion, after finitely many steps, ~~ w; ~ ... we find some vertex, for whichr,(vy) = 0.
Inductive step + 1: Let v; be the unique vertex ig(A) havingr(v;) = i. Definev;,, to be
the vertex inl’[G 4, ] N x(A) for whoses-rank is minimal. Since

Inx(A4) = (VG )N x(4)) U{u,

it follows thatr,(v;+1) = rs(v;) + 1 = i + 1, hence the result. O

V[GA&

Vi+1

Definition 2.19 (CanonicalH--decomposition) Let A = (G4, sa,t4) be a flow graph. IfA
is infinitesimal or ifxy(A) = 0, then the canonical--decomposition of! is defined to be the
formal sum0+A+-0.

Otherwise, lety(A) = {vo,v1,...,vpa)-1} be the non-empty set of splitting vertices of
A, ordered according to the indexing scheme postulated in Lemma 2.18. Défine A3
A0 = A A® = Al and then for each=1,2,...,[x(A)| — 1, put

A — ([1(1'*1))3
Ae(z) _ (A(i—l))

AD = (46D

Vi)
€

t
We shall denotel(X(I=1) as A(IX(D - ThecanonicaH--decomposition ofd is defined to be
theformal summation:

(A) LA f 4@ AW L A A=D1 4 gelx(D1=1) L AIx(A)])

Note that Lemma 2.18 and effectiveness of the definition above together guarantee the unique-
ness of the decomposition.

Definition 2.20 (Alternating sum) A sumAy+A;+ - - - + Ao (k € N) is called analternating
sumof weightk if
infinitesimal if 7 is odd,
A; s non-trivial, non-infinitesimal, and--irreducible if 0 < i < 2k, 7 is even,
non-infinitesimal and--irreducible, or trivial if i=0o0ri=2k.
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no two adjacent elements;, A;.; (i =0, ..., 2k — 1) are trivial.

Remark 2.21. It is easy to see that given a flow graghexpressed as an alternating sum:
A= Ag+A1+ - +As,

the set of its splitting verticeg(A) = x(Ao+A1+ - - - +A,,,) is precisely the image df 4, | < odd}
under the suitable embeddingsAf — Ag+A+ - +As,,.

Proposition 2.22(Correctness of the-decomposition)Let A = (G 4, sa, t4) be aflow graph.
Then(A) is an alternating sum of weiglt (A)| which satisfiegA) = A.

Proof. If |[x(A)| = 0, then(A) = A trivially. Supposéx(A)| = n > 1. Letw be the unique
vertex for whichr?(w) = 0. Formally, (4) = A3 + A< +(A!). Since|x(AL)| =n — 1, and
by inductive hypothesis(A’ ) = A’ . Appealing to Observation 2.8) = A% +A¢ + A =
(A). O

Given a flow graph4, we see thatA) is an alternating sum. The next proposition shows
that it is canonical, and that upto isomorphism, there is only one alternating sum which evalu-
ates toA, namely(A).

Proposition 2.23(Component-wise decomposition of isomorphisms underSupposed and
B are two isomorphic flow graphs, expressed as alternating sums:

A = AptAit- - +Au,
B = By+Bi+:--+Ba,

Thenm = n and every isomorphism: A — B satisfiesp(A;) = B; (fori =1,...m).

Proof. Clearly,¢|, 4 @ bijection fromy(A) to x(5B). By Remark 2.21, for eachin {0, ..., |x(A)|—
1}, there exists somgin N, such thatp(sy,,,,) = sp,,,,. Takeu, to be the image of,,,,

in A under the natural embeddingp;; — A, andv; to be the image ofp, ., in B under
the natural embedding,;; — B. Then¢(u;) = v; implies ¢ mapsx(A;, ), having sizei,
bijectively ontox (B; ), having sizej. It follows that: = j. Sinced(u;) = v;, thew; splitting

of A equals they; splitting of B, i.e.

o(A,) = By,
o(A,) = B,

In the case whei = m — 1, w1 = sa,,_,),, aNdv,1 = sp,, .. Sincex(A; ) is
empty,x (B}, ) mustalso be empty. Hen@ém — 1) + 1 = 2n — 1, and thereforen = n.
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Now if |x(A)] = 0 the theorem is trivially true. Supposg(A)| = m > 0. Then
P(tum—1) = vp—r @nd sop(A; )= B; . Since|x(4; )| =m— 1theinductive hypoth-
esis applies ang mapsAy+A;+ - - - +Ay,—1) COMponentwise onNt@y+B;+ - - - +Bog—1)-
SinceA,, 1, B,,_1 are infinitesimal or trivial, andi,,,, B,,, are non-infinitesimal or trivial (but

not both can be trivial, it follows that mapsA,,_, onto B,,_; andA,, onto ,,,. O

3 Conclusions and Future Work

As we have seen, some theorems that are tru€ icontinue to hold inF, while others fail.
Our future research program will proceed to explore further properties of flow graphs.

Some questions we are presently considering are listed below.
1. Characterize -commuting pairs, i.e. under what conditions on flow gra@msl B does
AB = BA?

2. Graph Prime Factorization Conjectur&very flow graph is uniquely expressible (up to
some well-defined reordering) as the product of prime flow graphs.
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