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Abstract

In this paper, we continue with our investigation of natural arithmetic properties on the set
of all flow graphs, that is, the set of all finite directed connected multigraphs having a pair of
distinguished vertices( see [1]). We introduce a graph operation called *-Deletion and study
some of its properties. This leads to a notion of splitting vertex and w-Splitting of a flow graph.
We study some properties of splitting vertices in a flow graph and show that a flow graph is+
reducibile if and only if it has a splitting vertex. We define a concept of splitting vertex ranking
and use it to develop a theory of canonical + decompositions.

1 Introduction

In [1], we generalized classical arithmetic defined over the natural numbersN = {0, 1, 2, . . .},
to the setF consisting of allflow graphs: finite directed connected multigraphs1 in which a
pair of distinguished vertices is designated as thesourceandtargetvertex. The proposed model
exhibits the property that the natural numbers appear as a submodel, with the directed path of
length n playing the role of the standard integer n. We discussed basic features including
associativity, distributivity, and various identities relating the order relation to addition and
multiplication.

In this section, we review some definitions and results from [1].

Definition 1.1 (Flow graph). We define aflow graphA to be a triple(GA, sA, tA), whereGA

is a finite2 directed connected multigraph andsA, tA ∈ V [GA] are called thesourceand the

1By multigraph we mean graphs in which parallel and loop edges are permitted.
2In this paper, we focus on finite flow graphs, although many of our results continue to hold in formulation

which considers infinite flow graphs as well.
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targetvertex ofA, respectively. The set of all flow graphs is denotedF . The unique flow graph
for which |V [GA]| = 1 and |E[GA]| = 0 is calledthe trivial flow graph; all other flow graphs
are considerednon-trivial. Given two flow graphsA = (GA, sA, tA) andB = (GB, sB, tB), a
mapφ : A → B is said tocopyA into B if (as a graph embedding)φ mapsGA injectively into
GB and additionally satisfiesφ(sA) = sB, φ(tA) = tB. Flow graphsA andB are considered
isomorphic if there is an injective morphismφ : A → B for whichIm(φ) = B.

In considering multigraphs with loops, we say that two edgese1 = (u1, v1) and e2 =
(u2, v2) areparallel if {u1, v1} = {u2, v2} are equalas sets. An edgee = (u, v) is called a
loop edgeif u andv coincide.

Definition 1.2 (Trivial flow graph). A flow graphA = (GA, sA, tA) is called the trivial flow
graphif |V [GA]| = 1 and|E[GA]| = 0. All other flow graphs are considerednon-trivial.

Definition 1.3. Given any flow graphA, let A′ be the flow graph obtained by swapping the
source and the target ofA.

Definition 1.4 (Reflective flow graphs). A flow graphA = (GA, sA, tA) is called anreflective
flow graph ifA = A′. The set of all reflective flow graphs is denotedH.

Definition 1.5 (Infinitesimal flow graphs). A flow graphA = (GA, sA, tA) is called aninfin-
itesimalflow graph ifsA = tA. The set of all infinitesimal flow graphs is denotedI. Note
that an infinitesimal flow graph is necessarily reflective. The converse is false as the reflective
example in Figure 1 shows.

s t

Figure 1: A non-infinitesimal flow graph inH.

Definition 1.6. Given any flow graphA, let A∗ be the flow graph obtained by reversing all the
arrows ofA.

Definition 1.7 (Reversible flow graphs). A flow graphA = (GA, sA, tA) is called areversible
flow graph ifA = A∗. The set of all reversible flow graphs is denotedJ . Note that if for all
verticesu, v in VA we have](u, v) = ](v, u), thenA is necessarily reversible. The converse is
false as the reversible example in Figure 2 shows.

Definition 1.8 (Self-conjugate flow graphs). A flow graphA = (GA, sA, tA) is called anself-
conjugate3 flow graph ifA = A′∗ = A∗′.

3The motivation for the termself-conjugatewill be clarified later, in item 4 of Section??.
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Figure 2: A flow graph inJ having a non-symmetric adjacency matrix.

The set of all self-conjugate flow graphs is denotedK. Note that if a flow graph is both
reflective and reversible, it is necessarily self-conjugate. The converse is false as the self-
conjugate example in Figure 3 shows.

Definition 1.9. Therosewith n petalsis defined to be the infinitesimal flow graphRn having
one vertex andn loop edges. RosesR1, R2, R3 are shown in the bottom left panel of Figure 4.

Definition 1.10. Thestar (antistar) with n edgesis defined to be the infinitesimal flow graph
Sn (S∗n) havingn + 1 verticesv1, v2, . . . , vn andu = s = t, with n edges fromu to vi (vi to u)
for eachi = 1, . . . , n. StarsS1, S2 andS3 are shown in the bottom center panel of Figure 4,
while anti-starsS∗1 , S∗2 andS∗3 are shown on the bottom right panel.

Definition 1.11 (Graphical natural number). We represent the natural numbern as a directed
chain of lengthn, havingn + 1 vertices. More formally, letPn be a directed chain of lengthn
(havingn+1 vertices) where each vertex has in-degree6 1 and out-degree6 1. Denote bysn,
the unique vertex inPn having in-degree0, and lettn be the unique vertex inPn having out-
degree0. The flow graphFn = (Pn, sn, tn) is referredthe graphic natural numbern. Define
the mapi : N → F as

i : n 7→ Fn.

We denoteF0 as0 andF1 as1. Graphical natural numbersF1, F2 andF3 are shown in the top
left panel of Figure 4.
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Figure 3: A flow graph inK that is neither reflective nor reversible.

s t

s t

s t

s=t

s=t

s=t

F

F

F

1

2

3

R

R

R

1

2

3

S
1

s=t

S
2

s=t

S
3

s=t

S
1

s=t

S
2

s=t

S
3

s=t

*

*

*

s t

s t

s t

F

F

F

1

2

3

*

*

*

Figure 4: Some examples of special flow graphs: the graphical natural numbersF1, F2, F3, the
anti-pathsF ∗

1 , F ∗
2 , F ∗

3 , the rosesR1, R2, R3, the starsS1, S2, S3, and the anti-starsS∗1 , S
∗
2 , S

∗
3 .



5

1.1 Addition

We briefly review the operation of addition on Flow graphs as introduced in [1]. We begin by
recalling the following ”Vertex gluing” operation on directed multigraphs:

Definition 1.12 (Vertex gluing of directed graphs). Given directed graphsG1 and G2, and
verticesu1 ∈ V [G1], u2 ∈ V [G2], we define

G1 +
u1≈u2

G2
def
= (G1 tG2)/(u1 ≈ u2)

to be the graph obtained by taking disjoint copies ofG1 andG2 and identifying vertexu1 in G1

with vertexu2 in G2. Note the obvious and natural graph embeddings

σ+

u1≈u2
: G1 ↪→ G1 +

u1≈u2

G2 (1)

τ+

u1≈u2
: G2 ↪→ G1 +

u1≈u2

G2..

Now we can define addition of flow graphs:

Definition 1.13. Given two flow graphsA = (GA, sA, tA) andB = (GB, sB, tB), we define

A+B
def
= (GA +

tA≈sB

GB, sA, tB).

SinceA andB are connected, it follows thatA+B is connected. This leads in a natural
way to addition of flow graphs:

Definition 1.14. Given two flow graphsA = (GA, sA, tA) andB = (GB, sB, tB), we define

A+B
def
= (GA +

tA≈sB

GB, sA, tB).

An example of such an addition is shown in Figure 5.

Remark 1.15. Note that ifA is a flow graph withpA vertices andqA edges, andB is a flow
graph withpB vertices andqB edges, thenA+B is a flow graph havingpA + pB − 1 vertices
andqA + qB edges.

Lemma 1.16.Letm,n be natural numbers. Theni(n + m) = i(n)+i(m).

Lemma 1.17. (See [1]) 0
def
= F0 is the unique two-sided identity with respect to+. That is, for

all flow graphsA,G ∈ F ,

A+G = A ⇔ G = 0 ⇔ G+A = A.
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Figure 5: General addition of flow graphs.

Definition 1.18 (Scalar multiplication of flow graphs). Given a flow graphA, and a positive
natural numberk in N, we define left scalar multiplication inductively as follows:

1A = A

kA = (k − 1)A+A.

Right scalar multiplication is defined analogously. However, as we will see,+ is associative,
and so the two notions coincide. We shall subsequently consider only left scalar multiplication
by integer scalars.

One can check that1+R1 6= R1+1. Thus we obtain

Lemma 1.19.The operation+ is not commutative.

1.2 Multiplication

In this section, we recall from [1], multiplication inF which generalizes multiplication of
natural numbers. In doing this, we must respect the fact that for each pair of natural numbers
n1, n2, the following identity holds inN :

n2 + n2 + · · ·+ n2︸ ︷︷ ︸
n1 times

= n1n2 = n1 + n1 + · · ·+ n1︸ ︷︷ ︸
n2 times

.

So, in particular, the definition of inF must satisfy

n1Fn2 = Fn1Fn2 = Fn1n2. (2)

For example, the multiplication of graphical natural numbersF3 andF2 is illustrated in
Figure 6.
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Definition 1.20. LetA = (GA, sA, tA) andB = (GB, sB, tB) be any two flow graphs. We de-
fine an equivalence relation∼R onVA×EB, as follows: Given verticesu1, u2 in VA, and edges
e1 = (v1, w1) and e2 = (v2, w2) in EB, let (u1, (v1, w1)) ∼R (u2, (v2, w2)) iff the following
holds: wheneveru1 is the source (target) andu2 is the source (target) then (respectively) the
tail (head) ofe1 coincides with the tail (head) ofe2 in B. Then∼R is an equivalence relation.

We define the flow graphAB = (GAB, sAB, tAB) as follows. LetGAB = (VAB, EAB),
whereVAB = (VA × EB)/ ∼R and((u1, e1), (u2, e2)) ∈ EAB if (u1, u2) ∈ EA ande1 = e2 in
EB. DefinesAB = (sA × e)/ ∼R wheree = (sB, w) for anyw ∈ VB andtAB = (tA × e)/ ∼R

wheree = (v, tB) for anyv ∈ VB.

SinceA andB are connected, it follows thatAB is connected. An example of such a
multiplication operation is shown in Figure 7.

Remark 1.21. Let A be a flow graph withpA vertices andqA edges, andB be a flow graph
havingpB vertices andqB edges. ThenAB hasqAqB edges. IfA is either trivial or infinitesimal
thenAB has1 + qB(pA − 1) vertices. IfA is non-trivial and non-infinitesimal thenAB has
pB + qB(pA − 2) vertices.

The next lemma follows immediately from Definitions 1.11 and 1.20.

Lemma 1.22.Letm,n be natural numbers. Theni(n×m) = i(n)i(m).

The next Lemma shows thatF has no members which behave like zero divisors.

Lemma 1.23. (See [1]) Given flow graphsG andH:

GH = 0 ⇔ H = 0 or G = 0. (3)
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Figure 7: General multiplication of flow graphs.

One can check thatR1F2 6= F2R1. Thus we obtain

Lemma 1.24.The operation is not commutative.

Lemma 1.25. (See [1]) IfG andH are both non-trivial and non-infinitesimal, then

HG = H ⇔ G = 1,
GH = H ⇔ G = 1.

(4)

Definition 1.26 (Scalar exponentiation of flow graphs). Given a flow graphA, and a positive
natural numberk in N, we define right-exponentiation inductively as follows:

A1 = A

Ak = Ak−1A.

Left-exponentiation is defined analogously. However, as we will see shortly, is associative,
and so the two notions coincide. We shall subsequently consider only right-exponentiation by
integer scalars.
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1.3 Infinitesimals

The following observations motivate our choice of the terminfinitesimalfor flow graphs whose
source and target vertices coincide.

Proposition 1.27. (See [1]) LetB andC be non-trivial flow graphs. ThenB+C is infinitesi-
mal, if and only if bothB andC are infinitesimal.

The next Proposition shows that with respect to multiplication, the set of infinitesimals
behaves, in some sense, like a prime ideal insideF .

Proposition 1.28. (See [1]) LetG andH be non-trivial flow graphs, thenGH andHG are
infinitesimal if and only if at least one of the two factors is infinitesimal.

The reader may wish to compare the above Proposition with assertion (3) of Lemma 1.23
which showed that{0} also behaves, in some sense, like a prime ideal insideF .

2 Results

We begin by considering properties of+ in Section 2.1. We prove that every flow graph is
canonically decomposable as a sum of irreducibles and using this canonical decomposition,
we deduce left and right cancellation laws for+.

2.1 Additive Properties

We now define the concept of+irreducibile.

Definition 2.1 (+Irreducible). A flow graphA is called+reducibleif there exist non-trivial
flow graphsB, C, such thatA = B+C. Otherwise,A is called+irreducible.

We would like to obtain a graph-theoretic characterization of+irreducibility. Towards this,
we introduce the following graph operation called∗Deletion.

Definition 2.2 (∗-Deletion of a vertex). Let G = (V,E) be directed connected multigraph
and letw be a vertex inV . We defineG\∗w to be the graph with componentsC∗

1 , . . . , C
∗
k(w),

obtained by the following process:

(1) For each non-loop directed edgee = (w, u) incident tow, we introduce a vertexve, and
replace the edgee with the directed edge(w, ve) and a loop(ve, u).
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(2) For each non-loop directed edgee = (u, w) incident tow, we introduce a vertexve, and
replace the edgee with the directed edges(u, ve) and(ve, w).

(3) For each directed loope = (w, w) we introduce a vertexve, and replace the directed
loop e with directed edges(w, ve) and a loop(ve, ve).

(4) Deletew and all incident edges. Denote the collection of connected components afterw

is deleted, asC1, . . . , Ck(w).

(5) Let P be the set of all vertices added in steps (1-3). Two verticesve1 andve2 in P are
said to berelated byRw if they lie in the same componentCi for somei in {1, . . . , k(w)}.
Clearly this defines an equivalence relation onP . In step 5, we identify all vertices that
areRw-related.

The resulting collection of connected components is denotedC∗
1 , . . . , C

∗
k(w). The set of vertices

obtained in step 5 is denotedP/Rw, and is indexed{w1, w2, . . . , wk(w)} so thatwi lies in C∗
i

for i = 1, . . . , k(w).

Two examples of∗-deletion are depicted inthe first four stagesof the process shown in
Figures 8 and 9 on pages 11 and 15 respectively.

Lemma 2.3. Letw be a vertex in a directed connected multigraphG = (V, E). ThenG\∗w =
G if and only ifw is not a cut vertex4 in G.

Proof. If w is not a cut vertex thenk(w) = 1 and following the construction,w1 replacesw
in G\∗w = G. If w is a cut vertex thenk(w) > 1. SinceG is connected andG\∗w is not, it
follows thatG\∗w 6= G.

We now introduce the flow graph analogue of the classical notion of a cut vertex.

Definition 2.4 (Splitting vertex of a flow graph). We say thatw is a splitting vertexfor a flow
graphA = (GA, sA, tA), if one of the following holds:

(I) w 6= sA, w 6= tA, andsA andtA lie in distinct components ofG\∗w.

(II) w = sA or w = tA (or both), andG\∗w contains at least two non-trivial components.

Remark 2.5. In light of Lemma 2.3 and Definition 2.4, we observe that ifw is a splitting vertex
in a flow graphA = (GA, sA, tA) thenw is a cut vertex in the graphGA. The converse is false,
however, since not every cut vertex inGA is a splitting vertex inA. A concrete example is seen
in the flow graphA of Figure 5 on page 6, whereA contains two cut vertices forGA, both of
which are at distance1 from tA but only one of which is a splitting vertex forA.

4By cut vertex, we mean a vertex whose deletion results in at least two non-trivial components.
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We introduce additional structure on the components produced upon∗-deletion of a split-
ting vertex from a flow graph.

Definition 2.6 (w-Splitting of a flow graph). Let A be a flow graph andw a splitting vertex
for A. Considering the components ofA\∗w, denotedC∗

1 , . . . , C
∗
k(w), we define flow graphs

A1
w, . . . , A

k(w)
w as follows. For eachi = 1, . . . k(w):

Ai
w =





(C∗
i , sA, wi) if sA ∈ V [C∗

i ]
(C∗

i , wi, tA) if tA ∈ V [C∗
i ]

(C∗
i , wi, wi) otherwise.

(5)

We distinguish (at most) two members of the set{A1
w, . . . , A

k(w)
w }

As
w =

{
Ai

w if sA ∈ V [C∗
i ]

0 if ∀i ∈ {1, . . . , k(w)}, sA 6∈ V [C∗
i ]

(6)

At
w =

{
Ai

w if tA ∈ V [C∗
i ]

0 if ∀i ∈ {1, . . . , k(w)}, tA 6∈ V [C∗
i ]

(7)

The remaining members of the set{A1
w, . . . , A

k(w)
w } are collected as follows. Let

εw = {i | sA, tA 6∈ V [C∗
i ]} (8)

Aε
w =

{
+i∈εw Ai

w εw 6= ∅.
0 otherwise.

(9)

The triple of flow graphs(As
w, Aε

w, At
w) is called thew-splitting ofA.

The final two stagesin Figures 8 and 9 depict the transformation ofA\∗w into the w-
splitting ofA.

Lemma 2.7. LetA be a flow graph andw a splitting vertex forA.

As
w = 0 ⇒ sA = w

At
w = 0 ⇒ tA = w

Proof. If As
w = 0, then by expression (6),sA 6∈ V [C∗

i ] for all i in {1, . . . , k(w)}, sow must
be sA, since this is the only vertex that is eliminated in the process of∗-deletion. A similar
argument holds for the case whenAt

w = 0 showing thattA = w.

The next Remark follows from the definition of the splitting process.



13

Remark 2.8. If a flow graphA = (GA, sA, tA) has a splitting vertexw, then

A = +i=1,...,k(w)A
i
w

= As
w+(+i∈εwAi)+At

w

= As
w+Aε

w+At
w.

Lemma 2.9. For eachi = 1, . . . , k(w), the flow graphAi
w is non-trivial.

Proof. In steps1 − 4 in the construction ofG\∗w (see Definition 2.2), no componentCi can
have fewer than1 edge. SinceC∗

i is obtained by identifying vertices inCi, no C∗
i can have

fewer than1 edge.

Definition 2.10. A splitting of the form(0, A, 0) is called atrivial splitting.

Remark 2.11. If A is irreducible, then A has a trivial splitting. But conversely is false as the
next example shows.

Example 2.12.A flow graph may contain splitting vertexw and yet only possess trivialw-
splittings. Consider, for example, the unique vertexw in the flow graph

A = S1+R1+S∗1+(F3R1)

shown in Figure 9. Clearly,w is a splitting vertex, but thew-splitting ofR2 is (0, A, 0).

The next lemma shows that the phenomenon exhibited by the previous example is present
in all infinitesimal flow graphs which possess a splitting vertex.

Lemma 2.13.LetA be an infinitesimal flow graph with splitting vertexw. Then

(i) w necessarily coincides withsA = tA, and|εw| > 2.

(ii) thew-splitting ofA is the trivial splitting(0, Aε
w, 0), whereAε

w = A.

Proof. If A is infinitesimalsA = tA, sow must satisfy condition (II) of Definition 2.4. Thus,
w = sA = tA andG\∗w has at least two non-trivial components, completing the proof of
assertion (i). Since step4 in the construction ofG\∗w (see Definition 2.2) requires deletingw,
no componentC∗

i containsw = sA = tA. It follows from expressions (6) and (7) in Definition
2.6 thatAs

w = At
w = 0. By Remark 2.8,A = 0+Aε

w+0, and henceAε
w = A. This proves the

second assertion.

Of course, Lemma 2.13 does not apply to every infinitesimal flow graph, since not every
infinitesimal flow graph has a splitting vertex. For example,F3R1 has no splitting vertex. We
shall see later that if anon-infinitesimalflow graph has a splitting vertex then it must possess a
non-trivial splitting.
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Lemma 2.14.LetA be an arbitrary flow graph with splitting vertexw. Then

(i) For eachi ∈ εw, the flow graphsAi
w is non-trivial, infinitesimal and contains no splitting

vertices.

(ii) Aε
w is infinitesimal.

(iii) As
w andAt

w are either trivial or not infinitesimal.

(iv) No two adjacent elements in the triple(As
w, Aε

w, At
w) are trivial.

Proof. (i) If εw = ∅ the statement is vacuously true, so we may assume|εw| > 1. For each
i ∈ εw (see expression (8) in Definition 2.6)Ai

w is non-trivial (by Remark 2.9) and infinitesimal
(by expression (5) of Definition 2.6). Now ifAi

w (for i ∈ εw) contains a splitting vertex, then
by part (i) of Lemma 2.13, the splitting vertex must bewi = sAi

w
= tAi

w
. But wi (in C∗

i ) is the
identification of a set of vertices (in theconnected graphCi). Hence,wi is not a cut vertex in
C∗

i , and thereforeAi
w contains no splitting vertex.

(ii) By expression (9) of Definition 2.6,Ae
w is either trivial, or it is the sum of flow graphs

that are infinitesimal, by part (i). Since the sum of infinitesimals is infinitesimal, the result
follows.

(iii) If As
w trivial, then we are done. IfAs

w is non-trivial, thenAs
w = Ai

w for somei in
{1, . . . , k(w)}, with sA ∈ V [C∗

i ]. SincesA 6= wi ∈ V [C∗
i ] andw is a splitting vertex, Definition

2.4 impliessA 6= tA. ThusA is not infinitesimal. The proof forAt
w is analogous.

(iv) Sincew is a splitting vertex ofA, it satisfies condition (I) or (II) of Definition 2.4. If
w satisfies (I), thensA and tA lie in different components ofG\∗w and by Remark 2.9,As

w

andAt
w are both non-trivial. On the other hand, ifw satisfies (II) thenw = sA, or w = tA,

or both—hence eitherAt
w = 0, or As

w = 0, or both. But sinceG\∗w contains at least two
non-trivial components, it follows that|εw| > 1, and henceAε

w 6= 0.

The next Lemma provides a graph-theoretic characterization of+-irreducibility.

Lemma 2.15(+Irreducibility Lemma). A flow graphA = (GA, sA, tA) is +reducible if and
only if A has a splitting vertex.

Proof. (⇒) SupposeA = B+C. Then, takew = σ+

tB≈sC
(tB) = τ+

tB≈sC
(sC) to be the vertex in

GA obtained in identifyingtB with sC .

If B is not infinitesimal, thenw = tB 6= sB = sA, so it follows thatsA is in some
componentAi

w (for i in {1, 2, 3, · · · , k(w)}); henceAs
w 6= 0. By a similar argument, ifC is not

infinitesimal thentA is in some componentAi
w (for i in {1, 2, 3, · · · , k(w)}); henceAt

w 6= 0.
If B andC are both non-infinitesimal, thenw 6= sA, w 6= tA, andsA and tA lie in distinct
components ofG\∗w. Sow is a splitting vertex by case (I) of Definition 2.4.
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If B is infinitesimal, then sincew = tB = sB = sA, it follows that sA is not in any
componentAi

w (for i in {1, 2, 3, · · · , k(w)}); henceAs
w = 0 and by part (iv) of Lemma 2.14,

Aε
w 6= 0. By a similar argument, ifC is infinitesimal thenAt

w = 0 and Aε
w 6= 0. If B

is infinitesimal andC is non-infinitesimal, thenAε
w 6= 0 and At

w 6= 0 are two non-trivial
components inG\∗w. If B is non-infinitesimal andC is infinitesimal, thenAs

w 6= 0 and
Aε

w 6= 0 are two non-trivial components inG\∗w. If both B andC are infinitesimal thenA is
infinitesimal also, so by part (i) of Lemma 2.13,|εw| > 2, and{Ai

w | i ∈ εw} contributes at
least two non-trivial components toG\∗w. In all these cases,w is a splitting vertex by case (II)
of Definition 2.4.

(⇐) SupposeA has a splitting vertexw. ThenA = As
w+Ae

w+At
w. If w satisfies case (I) of

Definition 2.4, then takingB = As
w andC = Aε

w+At
w, we can expressA as the sum of two

flow graphs which are each non-trivial (by part (iv) of Lemma 2.14). ThusA is +reducible.

If w satisfies case (II) of Definition 2.4, then eitherAs
w is trivial or At

w or both. If only
As

w is trivial, then takingB = Aε
w andC = At

w, we can expressA as the sum of two flow
graphs which are each non-trivial (by part (iv) of Lemma 2.14). If onlyAt

w is trivial, then
takingB = As

w andC = Aε
w, we can expressA as the sum of two flow graphs which are each

non-trivial (by part (iv) of Lemma 2.14). If bothAs
w andAt

w are trivial, thenA is infinitesimal
and by part (i) of Lemma 2.13,|εw| > 2. We can therefore partitionεw = ε1

w ∪ ε2
w, taking

B = +i∈ε1w
Ai

w and C = +i∈ε1w
Ai

w, thereby expressingA as the sum of two flow graphs
which are each non-trivial (by part (i) of Lemma 2.14). In all cases, we have shownA is
+reducible.

Definition 2.16 (Splitting vertex ranking). Given flow graphA = (GA, sA, tA), let χ(A) ⊂
V [GA] be the set of all splitting vertices forA. We define thes-rankingandt-rankingfunctions
rA
s , rA

t : χ(A) → N as follows:

rA
s (w) = |V [GAs

w
] ∩ χ(A)|,

rA
t (w) = |V [GAt

w
] ∩ χ(A)|.

When it is clear from the context, we denoters(w) = rA
s (w) andrt(w) = rA

t (w).

Lemma 2.17. Let w ∈ χ(A) be a splitting vertex for flow graphA = (GA, sA, tA). Then for
all u ∈ V [GAs

w
] ∩ χ(A):

rs(u) < rs(w),

rt(u) > rt(w);

and for allu ∈ V [GAt
w
] ∩ χ(A):

rs(u) > rs(w),

rt(u) < rt(w).

Proof. First, note that for anyu in (V [GAs
w
)] ∪ V [GAt

w
]) ∩ χ(A)

rs(u) + rt(u) + 1 = |χ(A)| (10)
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Now if u ∈ V [GAs
w
] ∩ χ(A), then sincew ∈ (V [GAt

u
]\V [GAt

w
]) ∩ χ(A), it follows that

V [GAt
w
] ( V [GAt

u
]. But thenrt(w) < rt(u). By expression 10 abovers(w) > rs(u). The

proof for the case whenu ∈ V [GAt
w
] ∩ χ(A) is analogous.

Lemma 2.18.Given a flow graphA = (GA, sA, tA), for eachi = 0, 1, . . . , |χ(A)| − 1 there is
a unique vertexvi in χ(A) with the property thatrs(vi) = i.

Proof. Given two distinct verticesv, v′ in χ(A), eitherv ∈ V [GAs
v′
] or v ∈ V [GAt

v′
]. In the

latter circumstance,v′ ∈ V [GAs
v
] so it follows from Lemma 2.17 thatrs(v) 6= rs(v

′). Base
case:i = 0. Letw0 be any vertex inχ(A). If rs(w0) > 0, thenV [GAs

w
]∩χ(A) is not empty. So

let w1 be any vertex inV [GAs
w
] ∩ χ(A). By Lemma 2.17,rs(w1) < rs(w0). Repeating in this

fashion, after finitely many stepsw0 Ã w1 Ã . . . we find some vertexv0 for whichrs(v0) = 0.
Inductive stepi + 1: Let vi be the unique vertex inχ(A) havingrs(vi) = i. Definevi+1 to be
the vertex inV [GAt

vi
] ∩ χ(A) for whoses-rank is minimal. Since

V [GAs
vi+1

] ∩ χ(A) =
(
V [GAs

vi
] ∩ χ(A)

)
∪ {vi},

it follows thatrs(vi+1) = rs(vi) + 1 = i + 1, hence the result.

Definition 2.19 (Canonical+-decomposition). Let A = (GA, sA, tA) be a flow graph. IfA
is infinitesimal or ifχ(A) = 0, then the canonical+-decomposition ofA is defined to be the
formal sum0+A+0.

Otherwise, letχ(A) = {v0, v1, . . . , v|χ(A)|−1} be the non-empty set of splitting vertices of
A, ordered according to the indexing scheme postulated in Lemma 2.18. DefineA(0) = As

v0
,

Aε(0) = Aε
v0

, Ā(0) = At
v0

, and then for eachi = 1, 2, . . . , |χ(A)| − 1, put

A(i) = (Ā(i−1))
s

vi
,

Aε(i) = (Ā(i−1))
ε

vi
,

Ā(i) = (Ā(i−1))
t

vi
.

We shall denotēA(|χ(A)|−1) asA(|χ(A)|). Thecanonical+-decomposition ofA is defined to be
theformalsummation:

〈A〉 def
= A(0)+Aε(0)+A(1)+Aε(1) . . . +A(|χ(A)|−1)+Aε(|χ(A)|−1)+A(|χ(A)|).

Note that Lemma 2.18 and effectiveness of the definition above together guarantee the unique-
ness of the decomposition.

Definition 2.20 (Alternating sum). A sumA0+A1+ · · ·+A2k (k ∈ N) is called analternating
sumof weightk if

Ai is





infinitesimal if i is odd,
non-trivial, non-infinitesimal, and+-irreducible if 0 < i < 2k, i is even,
non-infinitesimal and+-irreducible, or trivial if i = 0 or i = 2k.
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no two adjacent elementsAi, Ai+1 (i = 0, . . . , 2k − 1) are trivial.

Remark 2.21. It is easy to see that given a flow graphA expressed as an alternating sum:

A = A0+A1+ · · ·+A2m

the set of its splitting verticesχ(A) = χ(A0+A1+ · · ·+A2m) is precisely the image of{sAi
| i odd}

under the suitable embeddings ofAi ↪→ A0+A1+ · · ·+A2m.

Proposition 2.22(Correctness of the+-decomposition). LetA = (GA, sA, tA) be a flow graph.
Then〈A〉 is an alternating sum of weight|χ(A)| which satisfies〈A〉 = A.

Proof. If |χ(A)| = 0, then〈A〉 = A trivially. Suppose|χ(A)| = n > 1. Let w be the unique
vertex for whichrA

s (w) = 0. Formally,〈A〉 = As
w+Aε

w+〈At
w〉. Since|χ(At

w)| = n − 1, and
by inductive hypothesis,〈At

w〉 = At
w. Appealing to Observation 2.8,A = As

w+Aε
w+At

w =
〈A〉.

Given a flow graphA, we see that〈A〉 is an alternating sum. The next proposition shows
that it is canonical, and that upto isomorphism, there is only one alternating sum which evalu-
ates toA, namely〈A〉.
Proposition 2.23(Component-wise decomposition of isomorphisms under+). SupposeA and
B are two isomorphic flow graphs, expressed as alternating sums:

A = A0+A1+ · · ·+A2m,

B = B0+B1+ · · ·+B2n

Thenm = n and every isomorphismφ : A → B satisfiesφ(Ai) = Bi (for i = 1, . . .m).

Proof. Clearly,φ|χ(A) a bijection fromχ(A) toχ(B). By Remark 2.21, for eachi in {0, . . . , |χ(A)|−
1}, there exists somej in N, such thatφ(sA2i+1

) = sB2j+1
. Takeui to be the image ofsA2i+1

in A under the natural embeddingA2i+1 ↪→ A, andvj to be the image ofsB2j+1
in B under

the natural embeddingB2j+1 ↪→ B. Thenφ(ui) = vj impliesφ mapsχ(As
ui

), having sizei,
bijectively ontoχ(Bs

vj
), having sizej. It follows thati = j. Sinceφ(ui) = vi, theui splitting

of A equals thevi splitting ofB, i.e.

φ(As
ui

) = Bs
vi

φ(Aε
ui

) = Bε
vi

φ(At
ui

) = Bt
vi
.

In the case wheni = m − 1, um−1 = sA2(m−1)+1
andvm−1 = sB2(m−1)+1

. Sinceχ(At
um−1

) is
empty,χ(Bt

vm−1
) must also be empty. Hence2(m− 1) + 1 = 2n− 1, and thereforem = n.
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Now if |χ(A)| = 0 the theorem is trivially true. Suppose|χ(A)| = m > 0. Then
φ(um−1) = vm−1 and soφ(As

um−1
) = Bs

vm−1
. Since|χ(As

um−1
)| = m− 1 the inductive hypoth-

esis applies andφ mapsA0+A1+ · · ·+A2(m−1) componentwise ontoB0+B1+ · · ·+B2(m−1).
SinceAm−1, Bm−1 are infinitesimal or trivial, andAm, Bm are non-infinitesimal or trivial (but
not both can be trivial, it follows thatφ mapsAm−1 ontoBm−1 andAm ontoBm.

3 Conclusions and Future Work

As we have seen, some theorems that are true inN continue to hold inF , while others fail.
Our future research program will proceed to explore further properties of flow graphs.

Some questions we are presently considering are listed below.

1. Characterize -commuting pairs, i.e. under what conditions on flow graphsA andB does
AB = BA?

2. Graph Prime Factorization Conjecture.Every flow graph is uniquely expressible (up to
some well-defined reordering) as the product of prime flow graphs.
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